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Abstract. We compute the helicity of a vector field preserving a regular 
contact form on a closed three-dimensional manifold, and improve results by 
J.-M. Gambaudo and E. Ghys IGG97I relating the helicity of the suspension of 
a surface isotopy to the Calabi invariant of the latter. Based on these results, 
we provide positive answers to two questions posed by V. I. Arnold |Arn86| . 
In the presence of a regular contact form that is also preserved, the helicity 
extends to an invariant of an isotopy of volume preserving homeomorphisms, 
and is invariant under conjugation by volume preserving homeomorphisms. A 
similar statement also holds for suspensions of surface isotopies and surface 
diffeomorphisms. This requires the techniques of topological Hamiltonian and 
contact dynamics developed in IMO07I lMi!i08bl IVit06l IBSllbl iBSTTal IMS11I ■ 
Moreover, we generalize an example of H. Furstenberg |Fur61] of topolog- 
ically conjugate but not C -conjugate area preserving diffeomorphisms of the 
two-torus to trivial T 2 -bundles, and construct examples of Hamiltonian and 
contact vector fields that are topologically conjugate but not C 1 -conjugate. 
Higher-dimensional helicities are considered briefly at the end of the paper. 



According to Arnold [Arn86!, "The asymptotic Hopf invariant is an invariant of 
a divergence-free vector field on a three-dimensional manifold with given volume 
element. It is invariant under the group of volume-preserving diffeomorphisms, and 
describes the 'helicity' of the field, i.e. the mean asymptotic rotation of the phase 
curves around each other." If A is a divergence- free vector field on a closed (i.e. 
compact and without boundary) smooth three-manifold M , equipped with a volume 
form /z, then the two-form txfJ- is closed. Assuming it is exact, one may choose a 
primitive one- form f3x, and define the helicity (or asymptotic Hopf invariant or 
Arnold invariant) of X as the real number 



J M 

This number does not depend on the choice of f3x with dftx = txM- Arnold in fact 
gives two more equivalent definitions of the helicity, one as an average asymptotic 

2010 Mathematics Subject Classification. 53D10, 57M50, 57R17, 37C15. 

Key words and phrases. Helicity, asymptotic Hopf invariant, Arnold invariant, regular con- 
tact form, contact vector field, suspension of surface isotopy, continuous extension, conjugation 
invariance, continuous contact isotopy, continuous Hamiltonian isotopy, topologically conjugate, 
Furstenberg transformation, higher-dimensional helicities. 



1. Introduction 




i 



2 



S. MULLER & P. SPAETH 



linking number of the flow lines of X, and the other one equal to J M g(X, V), 
where g is some auxiliary Riemannian metric on M, and Y is a divergence-free 
vector field satisfying the relation curl s Y" = X. It is the first construction we shall 
use exclusively in this work. 

The asymptotic Hopf invariant generalizes the classical Hopf invariant of (the 
homotopy class of) a map S 3 — > S 2 . Arnold and B. A. Khesin [AK98] note that, 
"Although the idea of helicity goes back to Helmholtz and Kelvin (see [Kel]), its 
second birth in magnetohydrodynamics is due to Woltjer [Wol] and in ideal hydro- 
dynamics is due to Moffatt [Mofl], who revealed its topological character (see also 
[Mor2]). The word 'helicity' was coined in [Mofl] and has been widely used in fluid 
mechanics and magnetohydrodynamics since then." In addition to the references 
cited above, we also recommend |Ghy07| for further reading, and for more details 
on the definition and some of its applications. The above publications also estab- 
lish the basic properties of the helicity invariant, and contain additional interesting 
references. See also Section [2j 

It follows almost immediately from the definition that the helicity depends con- 
tinuously on the vector field in the C^-topology, and is invariant under conjugation 
by volume preserving C 1 -diffeomorphisms. When viewed as an invariant of the 
volume preserving isotopy {0^}o<t<i generated by the vector field X, the helicity 
is not continuous with respect to the C°-topology. We recall two questions posed 
by Arnold regarding the topological character of the helicity. 

Questions. Arn86 (i) Is the helicity invariant under conjugation by a volume 
preserving homeomorphism? More precisely, if X and Y are (exact) divergence- 
free vector fields, <f> a homeomorphism that preserves the measure induced by ji, and 
= {(f) o $ x o (jj- 1 }, does the identity H(X) = U(Y) hold? 
(ii) If {4>t}o<t<i is an isotopy of volume preserving homeomorphisms, can one 
define a number that extends the definition for smooth isotopies? 

The main purpose of this article is to address these questions. As a first step in 
that direction, in Section [4] we demonstrate the following. 

Theorem 1.1. Suppose a closed three-manifold M admits a regular contact form 
a, and equip M with the canonical volume form a Ada induced by a. Let Xh be a 
strictly contact vector field with contact Hamiltonian function H — a(Xn). Then 
Xh is exact divergence-free, and 

H{X H ) = (Ac 2 {H) - 3c(H 2 )) ■ vol(M, a A da), 

where the integer vol(M, a A da) denotes the total volume, and c the average value 
of a function on M , both with respect to the canonical volume form. 

In a similar vein, Gambaudo and Ghys showed that the helicity of the suspension 
of a surface isotopy {<j>t} is proportional to the Calabi invariant of {<j>t} |GG97j . 
Using different techniques, we improve their result as follows. See Section [7] for the 
relevant definitions. 

Theorem 1.2. Let D 2 be the unit disk in M 2 with its standard area form u, and 
let {<?!>i}o<t<i be a smooth area preserving isotopy of D 2 that is the identity near 
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the boundary dD 2 . The helicity of the suspension T*X({<f>t}) with respect to the 
standard volume form dV on R 3 equals twice the Calabi invariant with respect to lo 
of the time-one map <p of the isotopy {4>t}- In fact, 

*(* + |)-«OT + »*(x.|) + «(|), 
and the first and last term vanish, while 1Z(X, J^) = Cal(^). 

Here 1Z(-, •) denotes the relative helicity defined below in Section^] In particular, 
the helicity is not C°-continuous with respect to the isotopy {<j>t}, because the 
Calabi invariant is not C°-continuous with respect to <f> (or {<fit}) |GG97) . The 
latter by definition is the real number 

(1) CaU»= / / F t udt, 

JO JD? 

where F : [0,1] x D 2 — > R is the unique normalized smooth Hamiltonian function 
generating the Hamiltonian isotopy {4>t} — {</>i?}, and only depends on the time-one 
map <f>. 

See also Section [7] for the definition of the double suspension of a pair of surface 
isotopies {<fi\} and \jf>\ } with time-one maps 4>i and 4>2, respectively. Gambaudo 
and Ghys proved that its helicity depends linearly on the Calabi invariants of <f>\ 
and <t>2- In Section [7] we calculate the following formula. 

Theorem 1.3. The helicity of the double suspension X({</>*}, {</4}) with respect to 
the standard volume form dV on the three-sphere S 3 equals 

U{X{{cj>{}, {$})) = 2n 2 ■ (Cal(0i) + Cal(0 2 ) + 2ir 2 ) . 

In both the case of a vector field preserving a regular contact form, and the case 
of the suspension of a surface isotopy, the helicity is an invariant of the generating 
Hamiltonian function rather than the vector field or isotopy. This allows an ex- 
tension of the invariant to isotopies of volume preserving homeomorphisms, and to 
show that conjugation by volume preserving homeomorphisms does not alter the 
helicity, provided the isotopies and homeomorphisms can be described as lifts from 
a surface. This is explained in greater detail below. As an immediate corollary to 
Theorem ll.il we have the following result. 

Corollary 1.4. Let M be a closed three-manifold with a regular contact form a, 
and Hi a uniformly Cauchy sequence of smooth basic functions on M , such that the 
corresponding strictly contact isotopies {(j)^. } are uniformly Cauchy as well. Then 
the sequence ^(X^) of real numbers converges. 

Definition 1.5. Let M be a closed three-manifold with a regular contact form a. 
The helicity of a continuous strictly contact isotopy {4>t} with unique continuous 
contact Hamiltonian function H is defined to be 

n(U t }) = I™ H(X H .) = Uc 2 {H) -ic{H 2 )) ■ vol(M, a A da), 

where Hi is a uniformly Cauchy sequence of smooth basic functions with {(fy.} — > 
{4>t} uniformly. 
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The definition of a continuous strictly contact isotopy [BSllaj is given below in 
Section |H1 where we also prove the following result. 

Theorem 1.6. Let M be a closed three-manifold with a regular contact form a. 
If a homeomorphism <f> of M is the uniform limit of a sequence of strictly contact 
diffeomorphisms, then for any two smooth or continuous strictly contact isotopies 
{4>t} and {ipt} — {4> ° 4>t <f> } that are conjugated by (f>, we have the identity 
«({&}) = 

Regarding suspensions of continuous surface isotopies, Theorems 11.21 and 11.31 
imply the following corollary. 

Corollary 1.7. Suppose Hi is a uniformly Cauchy sequence of smooth Hamiltonian 
functions on the disk D 2 , and the corresponding Hamiltonian isotopies {4^.} con- 
verge uniformly to a continuous isotopy {(fit}- Then the helicities %(r* JT({<^r. })) 
with respect to the standard volume form dV on R 3 of the suspensions t*X({^-. }) 
converge to twice the Calabi invariant of {</>*} with respect to the area form uj. 

Moreover, if Fi is another uniformly Cauchy sequence of smooth Hamiltonian 
functions, and the corresponding Hamiltonian isotopies {ftp. } converge uniformly 
to a continuous isotopy {tpt}, then the helicities H.(X({(/) t H . }, {4> F . })) with respect 
to the standard volume form dV on S 3 of the double suspensions X({0^.}, {(/)%.}) 
converge to the number 2ir 2 ■ (Cal({0 t }) + Cal({-0t}) + 2ir 2 ). 

Definition 1.8. The helicity of the suspension of a continuous Hamiltonian isotopy 
{</>t} of (D 2 ,dD 2 ,uj) is by definition equal to twice the Calabi invariant of {(fit}- The 
helicity of the double suspension of two continuous Hamiltonian isotopies {(f> t } and 
{ipt} of(D 2 ,dD 2 ,w) is by definition the number 2 7 r 2 -(Cal({0 t }) + Cal({'0t}) + 27r 2 ). 

See Section [§] for the definition of continuous Hamiltonian isotopies and their 
Calabi invariant. 

Theorem 1.9. Suppose the suspensions of two smooth or continuous Hamiltonian 
isotopies {<fit} and {ipt} of (D 2 ,dD 2 ,ui) are conjugated by a homeomorphism of 
the form (x,t) \- ¥ (ip(x),t), where ip is an area preserving homeomorphism of D 2 
that is the identity near the boundary of the disk. Then their helicities necessarily 
coincide. The same holds for topologically conjugate double suspensions, provided 
the conjugating homeomorphism of S 3 is of the above product form on the two solid 
tori that in Hopf coordinates are given by {n < 7r/4} and {n > 7r/4}. 

As a motivation for studying the helicity, we mention the following interesting 
problem in hydrodynamics, and refer to |Arn861 RK98 for details. The mathemat- 
ical model for fluid dynamics is the hydrodynamics of an incompressible inviscid 
homogeneous fluid filling M, or in other words, the (volume preserving) flow of a 
divergence-free vector field X on M. Let g be some auxiliary Riemannian metric, 
and define the (magnetic) energy of X with respect to g by E(X) = J M g(X, X). 
The group Diff (Af , /i) of volume preserving diffeomorphisms acts on the Lie algebra 
of divergence-free vector fields by X t-^ <f>*X . Consider the problem of minimizing 
the functional E on the (adjoint) orbit {4>*X | <fr G Diff(M, fi)} of a fixed vector 
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field X. For general X there need not be a minimizing (smooth) vector field. If 
there is not, can the energy be made arbitrarily small? For generic X, the answer 
is no. Arnold Arn86 u showed that 

(2) E(^X) > C ■ \H(X)\, 

where C is some positive constant that depends on the metric g. The helicity is 
invariant under the action of volume preserving diffeomorphisms, and independent 
of the metric g. For generic X, the helicity does not vanish, and the above inequality 
gives a lower bound for the magnetic energy on the orbit of X. Arnold also proved 
that the critical points of E restricted to a fixed orbit are precisely those divergence- 
free vector fields that commute with their curl, including in particular Beltrami 
fields, i.e. eigenfields of the curl operator. The Hopf field on the three-sphere is 
an example, cf. Section [5j Beltrami fields with respect to some Riemannian metric 
are Reeb vector fields of some contact form, and vice versa |EG00j . We will review 
contact geometry in Section [3] Similar problems in hydrodynamics are discussed 
in the book by Arnold and Khesin. 

Regarding Theorem ll.il we point out that strictly contact vector fields are gen- 
eralizations of the aforementioned Reeb vector fields, and appear quite naturally in 
the present context. A vector field is strictly contact if and only if it is divergence- 
free and contact, and strictly contact vector fields are those vector fields that com- 
mute with the Reeb vector field. If the contact form is regular, that is, the Reeb 
vector field induces a free ^-action on M, then strictly contact vector fields are 
precisely the lifts of Hamiltonian vector fields on the quotient of M by the Reeb 
flow. Similarly in Theorem 11.21 and Theorem 11.31 we consider lifts of isotopies of 
the disk to the solid two-torus or the three-sphere. 

In the first part of the paper, our methods are elementary, and use the calculus of 
differential forms and the geometry of (regular) contact and symplectic manifolds. 
Section [2] reviews the definition of helicity and establishes its most important basic 
properties. In Section [3] we review the contact geometry of (regular) contact man- 
ifolds, and in Section [4] the proof of Theorem 11.11 is given. Section [5] discusses the 
case of the three-sphere which is of greatest interest. In Section [6] homotopies rel 
end points are considered, and Section [7] is concerned with suspensions of surface 
isotopies. 

The second part of the paper comprises Section [5] and Section |H1 We use 
tools from topological Hamiltonian and contact dynamics [MO07, Miil08b, Miil08a ( 
IVitMl IBSllbl IBSllal IMSTT] to address Arnold's questions. 

In the last part of the paper, Sections [10] and QT] take up the question of the 
existence of diffeomorphisms and vector fields that are topologically conjugate but 
not C 1 -conjugate. The proofs use the uniqueness theorems and the transformation 
laws of topological Hamiltonian and contact dynamics. Section [12] is devoted to 
higher-dimensional helicities. 

In the two appendices, we prove a proposition from Section [6] and compute the 
helicity of strictly contact vector fields on the three-torus. 
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2. Helicity of divergence-free vector fields 

Let M be a closed smooth three-manifold equipped with a volume form /i. For 
the time being, assume H 2 (M) — 0. By Cartan's formula, if a smooth vector field 
X on M is divergence- free, i.e. the Lie derivative satisfies CxH = 0, then the two- 
form ixfJ- is closed, where i denotes interior multiplication of a differential form by 
a vector field. By our hypothesis, there exists a one-form f3 = (3x with dj3x = l-xH, 
called a primitive of the two-form txju. The helicity of X is defined to be the real 
number 

(3) U(X) = [ /3 x Adp x = [ p x {X) ■ ii. 

JM JM 

This definition does not depend on the choice of primitive j3 of L X fi. Indeed, suppose 
(3 1 is another one- form satisfying d(3' = ixH = df3. Then (3 — /?' is closed, and we 
have 

f (3 Ad/3 - [ (3' A d/3' — f ((3 — (3 r ) A d(3 — I d{f3 A {[3 - (3 1 )) = 

JM JM JM JM 

by Stokes' theorem. For example, one can chose f3x — GS(i x ^) using the Hodge 
decomposition with respect to some auxiliary Riemannian metric. The second 
equality in ([3]) follows from the fact that interior multiplication is an anti-derivation, 
and f3 A \x vanishes for dimension reasons. For later reference, we formalize this 
argument in the following obvious lemma. 

Lemma 2.1. Given a p-form a and a q-form r on a smooth manifold M, the 
(p + q + 1) -forms da At and a A dr coincide up to sign and an exact form. More 
precisely, [da A t] = (—l) p+1 [a A dr]. In particular, if M is closed, and p + q = 
dimM — 1, then 

[ da At = f a A dr. 

JM JM 

If P + Q > dimM, then ixa At = (— l) p+1 a A lxt for any vector field X . 

If H 2 (M) is nonzero, the helicity invariant is defined on the Lie subalgebra 
of divergence- free vector fields X such that LxH is exact. Such vector fields are 
sometimes called exact in the literature. There is a homomorphism on the Lie 
algebra of divergence-free vector fields into the (dimM — l) st cohomology group of 
M, defined by X H> [ixlA (the flux of X), and its kernel consists precisely of the 
exact vector fields. We refer to [Ban97| for more on this important homomorphism. 
It is shown in [Mulll that if the volume form is induced by a regular contact form, 
this kernel contains all (divergence- free) contact vector fields. 

The helicity is a quadratic form on the space of exact divergence-free vector 
fields. For X and Y exact, define the relative helicity 

TZ(X, Y) = [ f3x A dj3y = f [3 Y A d/3 x 

JM JM 

independently of the choices of (3x and f3y by Lemma 12.11 1Z is symmetric and 
R-bilinear, and we have the obvious identities H(X) — 1Z(X,X) and 

(4) H(X±Y) =n(X)±2K(X,Y)+H(Y). 
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In particular, 

d 



de 



H{X + eY) = 2K(X,Y), 

or dTL(X) — 21Z(X, •), and for any nonzero X there exists an exact divergence- free 
vector field Y such that 1Z(X,Y) is nonzero. Thus the helicity of a C 1 -generic 
(exact divergence-free) vector field does not vanish. 

If we want to emphasize the dependence on the volume form \i, we write H(X\ /i), 
and denote the bilinear form by 1Z(X,Y; /i). However, the definitions depend on 
the choice of volume form on M only up to scaling and a volume preserving change 
of coordinates. Recall that by Moser's argument, two volume forms fi and v on M 
are isotopic if and only if the total volumes of M with respect to fi and v coincide. 
Thus up to scaling by a nonzero constant c, fj, is isotopic to v. That means there 
exists a diffeomorphism <f> (which is isotopic to the identity) such that (jfv = cji. 

Lemma 2.2. If ji is a volume form on M , <f> an orientation preserving diffeo- 
morphism, and X an exact divergence-free vector field with respect to the volume 
form (j)*/!, then <fi*X is exact divergence-free with respect to jj,, and %{4>*X; /i) = 
T-L{X\(f>* /x). If c is a nonzero constant, then we have T-L(X;c^i) — c 2 H(X;^). More 
generally, if f is a nowhere vanishing smooth function on M , and X an exact 
divergence- free vector field with respect to the volume form ffj,, then the vector field 
fX is exact divergence-free with respect to [i, and the identity H(X; f/i) — H(fX; /i) 
holds. Analogous statements hold for the relative helicity TZ(X,Y). In particular, 
both % and TZ are invariant under the action of volume preserving diffeomorphisms 
on (exact) divergence- free vector fields. 

We note that the flow of (j>^X is the conjugation <fi o $ x o </> _1 of the flow <\f x of 
X by 4>, and the flow of fX is related to the flow of X by the formula 

cj> t fx {x)=f^ x \x). 

Here the smooth function r:ExM->l solves the following ordinary differential 
equation with initial condition t(0, x) = for all x G M : 

d 

dt' 

Proof. It is straightforward to check the well-known identity 

(5) (^(a^xm) = 

Therefore if f3x is a primitive of lx4>* M> then (0 _1 )*/3x is a primitive of i^.xM- The 
first claim now follows from the change of variables formula. The other identities 
are proved similarly. □ 

We may consider the helicity as an invariant of the volume preserving isotopy 
{4> x }o<t<i generated by the vector field X, i.e. d/dt(f) x — X o <p x , and (jP x is 
the identity. There is also a flux homomorphism defined for volume preserving 
isotopics [Ban97 , and in fact, the flux of {<fix} by definition equals the flux of its 
infinitesimal generator X. Thus if H 2 (M) ^ 0, the helicity is defined for exact 
volume preserving isotopies, i.e. those in the kernel of the flux map. 



-r(t,x) = f(^). 
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By Hodge theory, the helicity depends continuously on the vector field X, pro- 
vided we equip the Lie algebra of divergence-free vector fields with the C 1 -topology. 
As we previously noted, with respect to the C°-topology, the helicity does not de- 
pend continuously on the isotopy {4>x} generated by X. 

The helicity is also defined for M compact and connected with nonempty bound- 
ary, provided M is simply-connected, and X is tangent to the boundary of M. One 
can also define the helicity for compact connected embedded submanifolds of M 3 
with nonempty boundary, if the divergence-free (with respect to the standard vol- 
ume form dV on R 3 ) vector field X is again tangent to the boundary. In the latter 
case however the helicity does depend on the embedding into R 3 , see Section [7l We 
refer to [AK98I IGG97) for details. 

The definition of H(X) generalizes in an obvious fashion to time-dependent vec- 
tor fields {Xt}. Suppose the closed two-forms ix t p are exact for all < t < 1. By 
Hodge theory, after choosing an auxiliary Riemannian metric on M, we may choose 
the primitives j3t satisfying d0t = L x t ^ to depend smoothly on t. Then define 



This number is again well-defined, and coincides with the previous definition if X 
is autonomous. We can also define the helicity if only the time average of ix t ^ is 
exact, but the forms ixtt 1 are n °t necessarily exact for all times. This definition 
also extends the definition for autonomous X, but the two definitions for time- 
dependent vector fields may not coincide if ix t /U happens to be exact for all t. We 
remark that in the second situation the flow {<t> x } °f %t 1S isotopic rel end points 
to an exact isotopy {4>y} |Ban97j . However, the helicity does in general depend on 
the homotopy class (rel end points) of the isotopy, see Sectional 

The classical Hopf invariant of the homotopy class of a map p: S 3 —> S 2 is 
defined as follows. Choose an area form to of total area 1 on S 2 , and a primitive f5 
of the (closed and hence exact) two- form p*ui on S* 3 . Then define the Hopf invariant 
as the integral f (3 Ad(3 over S 3 . This is an integer which is also equal to the linking 
number of the preimages under p of two regular points in S 2 . By the nondegeneracy 
of /it, every closed (exact) two-form on an oriented three-manifold can be written 
uxfJ- for some divergence-free (exact) vector field. The generalized Hopf invariant 
is defined even if the two- form txA* is n °t the pull-back of a closed form on S 2 , 
and can take any real value. In order to prove Theorem 1 we will consider the 
projection p: M — > B of the Boothby-Wang (or prequantization) bundle over an 
integral symplectic surface, and relate the form ixil to the pull-back of an exact 
form on the base B. This set-up will be explained in the next two sections, and a 
similar strategy will be applied in Section [7] to prove Theorem 11.21 and Theorem ! 1.31 



Let M be a closed smooth manifold of dimension 2n + 1, equipped with a coori- 
entable nowhere integrable field of hyperplanes (a contact distribution or contact 
structure) £ C TM. That means we suppose £ is given (globally) by the kernel 




3. Regular contact manifolds 
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£ = kcra of a differential one-form a, and \x = a A (da) n is a volume form on 
M. We call /i the canonical volume form induced by the contact form a. For 
readers not familiar with contact (and symplectic) geometry, we recommend the 
monographs MS981 IGei08] . For simplicity, we assume throughout this article that 
M is connected. 

A vector field X on M is said to be contact (with respect to £) if Cxa = hxa 
for a smooth function hx on M, and strictly contact (with respect to a) if hx = 0. 
Hence, X is contact if and only if its flow 4> x preserves the contact structure £, and 
strictly contact if and only if its flow preserves the contact form a. Note that the 
former concept depends only on the contact structure £, whereas the latter concept 
depends on the actual choice of contact form a. A vector field on M is divergence- 
free and contact if and only if it is strictly contact. For any / e C°°(M), the 
one-form & a defines another contact form giving rise to the same coorientation of 
£ and orientation of M, and all contact forms representing the cooriented contact 
structure £ can be written in this way. 

We denote by R a the Reeb vector field of the contact form a, i.e. the unique 
smooth vector field defined by the equations LR a da — and tR a a — 1, and call 
its flow the Reeb flow on (M,a). More generally, given a contact vector field X, 
we call the smooth function H = tja its contact Hamiltonian. Conversely, given 
a smooth function H on M, there is a unique contact vector field X with contact 
Hamiltonian H and satisfying the equation Lxda = (R a .H)a — dH. Here we write 
X. f = df(X) for the derivative of a smooth function / in the direction of a vector 
field X on M. Indeed, da restricted to the subbundle £ C TM is nondegenerate (i.e. 
(£, da\^) is a symplectic vector bundle over M), so that the two equations together 
uniquely define the contact vector field X. We write Xh for the contact vector field 
with contact Hamiltonian H, and denote its flow by = {</>%}. Observe that 
hx = R a -H, so that X is strictly contact if and only if R a .H = 0, or equivalently, 
H is preserved under the flow of R a . Such functions are called basic functions. 

The contact form a is said to be regular if R a generates a free S^-action on M; 
in particular, all Reeb orbits are closed and of period 1, and M is the total space 
of a principle S^-bundle known as the Boothby- Wang bundle |BW58j 

(6) S 1 M -A B 

over a closed and connected integral symplectic manifold (B,w), such that p*uj = 
da. Recall that symplectic means that the two- form oj on B is closed and non- 
degenerate, i.e. its top power uj n defines a volume form on B, and integral means 
that the cohomology class [ui] £ H 2 (M,Z). Here i is the S^-action of the Reeb 
vector field, and p: M — > B = M/S 1 is the projection to the quotient. The pro- 
jection induces an (algebra) isomorphism p* : G°°(B) —> C£°(M) between smooth 
functions on the base B, and smooth basic functions on M, and a surjective ho- 
momorphism p*(Xn) = —Xp between strictly contact vector fields Xh on (M, a), 
and Hamiltonian vector fields Xp on (B,uj) (with kernel generated over R by R a ). 
Here H=p*F = Fop : and the vector field Xp is uniquely defined by the equation 
l Xf u = dF. 
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If M has dimension 3, then B = E g is an oriented closed and connected surface 
of genus g with integral total area. The most interesting case is when the genus g 
is zero. Then © is the Hopf bundle S 1 -> S 3 -> S 2 (Section [5]). We would like 
to point out that every closed orientable three-manifold admits a contact structure 
|Mar71j . but none of its contact forms need be regular. For example, the three- 
torus T 3 does not admit a regular contact form (and in fact, no torus T 2n+1 does) 
[BlalOj . This case is discussed separately in Appendix 151 

Banyaga 1 3an7 8a] has shown that the Boothby-Wang bundle (JSJ) gives rise to a 
short exact sequence 

(7) 1 — > S 1 Diff (M,a) ^> Ham(B,w) — ► 1 

with S 1 in the center of Diffo(M, a). Here Diffo(M, a) denotes the group of strictly 
contact diffeomorphisms, i.e. all those diffcomorphisms preserving the contact form 
a and isotopic to the identity through an isotopy of diffcomorphisms preserving 
a, Ham(_B,a;) denotes the group of Hamiltonian diffeomorphism of (B,u>), that is, 
time-one maps of (the isotopies generated by time-dependent) Hamiltonian vector 
fields, and i* is again the S^-action of the Reeb vector field. 

Note that iR a (a Ada) = da, so that rl(R a ) — J M aAda = vol(M). Theorem ll.il 
generalizes this computation to all strictly contact vector fields on a regular contact 
manifold M . 



4. Helicity of strictly contact vector fields 

Let M be a smooth manifold with a volume form fj,, and define a (group) homo- 
morphism c: C°(M) — > R by 

(8) H^c(H) = c H = 1 f Hp, 

vol(M, fi) J M 

where vol(M, /i) = J M /i is the total volume of M with respect to [i. The next 
lemma shows that if S 1 — >• M — > B is the Boothby-Wang bundle ^ over an integral 
symplectic manifold (_B 2n , uj), then the projection p preserves the homomorphism c. 
In other words, cb = cm op*. Here cm denotes the average value ((5J) with respect 
to the canonical volume form a A (da) n on the total space M, and similarly cb 
denotes the average value ((5J) with respect to the canonical volume form uj n on the 
base B. 

Proposition 4.1. Let {M + , a) be a regular contact manifold, and write H = 
p* F = F op for F G C°(B), where p is the projection map of the Boothby-Wang 
bundle Then 

[ Hah (da)" = [ F uj n . 

JM JB 

In particular, we have cm{H) = cb{F) with respect to the canonical volume forms 
a A (da) n and w". 

Proof. Choose an open cover {£/*} of B with the property that the bundle is trivial 
over each Ui, and let {Aj} be a partition of unity subordinate to {U{\. Denote by 
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Vi = p 1 (Ui) = UixS 1 , and by /z, = p* Xi = Xi op the partition of unity subordinate 
to the open cover {Vi} of M. We compute 



HaA(da) n 

M 



= V / H) a A (da)" 

i JU,x{pt} 

= E / ( A ^)^ 1 



which is what we set out to prove. The second equality follows from the fact that 
Hi and H are constant on the Reeb orbits S . Applying the above formula to the 
constant function 1 proves the last part of the proposition. □ 

First proof of Theorem The arguments in the proof are valid in any (odd) di- 
mension, except the definition of helicity only makes sense when dimilf = 3. Thus 
consider the Boothby-Wang bundle S 1 — > M 2n+1 — > B 2n over an integral (B,u>). 
Denote by F £ C°°(B) the unique function such that H = p*F, and write 

CF = voT(^/ B Fa/ ' 

for the average value of F with respect to the canonical volume form u> n on the base 
B. Then J B (F — cf)w" = 0, and the 2n-form (F — cp)uj n on B is exact. Choose 
a primitive 7, i.e. a (2n — l)-form such that c?7 = (F — cp) uj n . By Proposition ^. 11 
we have cp = ch- Define a (2n — l)-form /3 on M by 

(9) /3 = (n + l)p*7 + ((n + l)c H - riff) a A (da)™" 1 . 

By construction, 

d^ = (n+ l)(p*d7 + c H (da)") -n(dff Aa + Hda) A (da)"" 1 

= (n + 1)((H - c H )(da) n + c H {da) n ) - n{dH A a + Hda) A (da)™" 1 

= if (da)" + not AdH A (da)™" 1 

= Jd(da)" - a A n(t Xff da) A (da)"" 1 

= L X[1 (a A (da)"). 

In the case n = 1, this becomes 

/3 = 2p*7 + (2c ff - id)a, and d/3 = 2/dda - d(ida) = ix H (a A da). 
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We obtain 

P A d0 = (2p* 7 + {2c H - H)a) A {2Hda - d{Haj) 

= 4Hp*~/ Ada- 2p*7 A d(Ha) + (2c H - H)2Ha A da 

- (2c H - H)a A d(Ha) 

= 4Hp* (7 A u) — 2Hp*d-f A a + exact terms 

+ (2c H - H)Ha A da 

= —2H(H - c H )da A a + (2chH — H 2 )a Ada + exact terms 

= (AchH — 3H 2 )a A da + exact terms, 

where we have used that the wedge product is graded commutative, and Lemma l2.ll 
for the third equality. Therefore 

H(X H )= f PAdp= (Ac 2 {H) -3c{H 2 )) • vol(M, a A da). □ 
Jm 

Second proof of Theorem ] 1 . 1\ Alternatively, suppose p is given by ([9]). then 

P(X H ) = (n + l)(p*j)(X H ) + ((n + l)c H - nH)(a A (da)"" 1 )^). 

Since p*(L Plt x H w) — tx H P*u = i<x H da = —dH = —p*(dF) = p*(b-x F u), and p* 
is an isomorphism on exact one-forms, Xh indeed has a well-defined projection 
P*Xh = —Xf- We see that (p*j)(Xh) = p*(j(-Xf)) (compare to (JSJ), and by 
the same argument as in the proof of Proposition 14.11 

/ (p*j)(X H ) A a Ada = - I 7 (X F ) A ui = - / 1 A{l Xf u). 
Jm jb jb 

The latter coincides with 

- / 7 A dF = — I Fdj = - I F(F-c F )uj n . 
Jb Jb Jb 

Recalling that p* preserves average values by Proposition I4.1[ we obtain 

[ (p*i){X H ) A a A da = (c 2 (H) - c{H 2 )) ■ vol(M, a A {da) n ). 
Jm 

Integrating the above expression for P{Xh) over M in the case n = 1 completes 
the proof. □ 

By Theorem ll.il for volume preserving contact isotopies on regular contact man- 
ifolds, the helicity is an invariant of the generating Hamiltonian function rather 
than the corresponding vector field or isotopy. By Theorem 11.21 and Theorem 11.31 
the same holds for suspensions of surface isotopies on the solid two-torus or the 
three-sphere. 

We would like to alert the reader that this formula is only valid for the canonical 
volume form a A da. If fj, = ca A da, then H(X; fj) = c 2 H(X; a A da). If M admits 
a regular a, unless explicitly stated otherwise, we always assume the volume form 
is the canonical one induced by the contact form a. If a is not regular, then Xh 
need not be exact |Miilllj . see also Appendix 151 

The same argument proves a relative version of Theorem 11.11 
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Theorem 4.2. Let M be a closed three-manifold equipped with a contact form 
a as in Theorem \l.ll and let Xh and Xk be strictly contact vector fields with 
contact Hamiltonian functions H and K £ C^°(M). Then Xh and Xk are exact 
divergence- free, and 

K(X H ,X K ) = (4c(H)c(K) - 3c(H ■ K)) ■ vol(M, a A da). 

The map K(H, K) = (Ac(H)c(K) - 3c(H ■ K)) ■ vol(M, a A da) is symmetric and 
M-bilinear, and defines a quadratic form on C£°(M) given by Tl(H) = 1Z(H, H) = 
(4c 2 (H) - 3c(H 2 )) • vol(M, a A da). By definition, K(X H ,X K ) = K(H,K) and 
H{X H ) = H{H). We again see that H(H ±K) = H(H) ± 2K(H, K) + H{K), and 
thus the helicity of a C 1 -generic strictly contact vector field is nonzero. 

Alternatively, the average value ch = cp can be computed as follows. 

Lemma 4.3. Let S C M be a Reeb circle, i.e. the preimage p~ l {b) of a point b G B , 
and D C M any filling disc, that is, 3D — S . Then 



ch = / H da 
Jd 

independently of b € B and disc D C M with boundary S = p~ x (b). 
Proof. One way to see the above identity is as follows. First note that 

/ Hda— j d{p*^ + cpa)= / p*7 + cpa. 
Jd Jd Js 

Let 1 1-> s(t) be a parameterization of the Reeb circle by arc length. Then the last 
integral is equal to 

,1 ,i 

LR a (p*-f + CFa)(x(tj) dt — / ip,R a j(b) dt + cf — cf, 



since p*R a — 0. The lemma now follows from Proposition 14. II □ 

Example 4.4. We can decompose any strictly contact vector field Xh into its 
horizontal and vertical parts (Xh — HR a ) + HR a with respect to the projection 
p*. Note that Xh+ c = Xh + cR a , so the kernel of the (surjective) homomorphism 
is indeed generated over the reals by R a . For a smooth function F € C°°(B), 
the horizontal lift Yp = HR a — Xh of the Hamiltonian vector field Xp is exact, 
and by Holder's inequality, 

H(Y F ) = (c 2 (H) - c(H 2 )) ■ vol(M) = (c 2 (F) - c(F 2 )) ■ vol(B) < 0, 

with equality if and only if F is constant, or equivalently, Xp = 0. 

Proposition 4.5. The absolute value of the helicity %(Xh) is bounded by a con- 
stant times the square of the L 2 -norm of H on (M, a A da). In fact, 

-m\\h<n(XH) < \\Hf L2 , 

with equality if and only if H has mean value zero or is constant, respectively. 
Moreover, the restriction of the helicity to strictly contact vector fields can take any 
real value. 



Compare to Arnold's inequality ([2]). 
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Proof. Consider a basic function H e C£°(M), and denote by || • \\ L 2 the L 2 -norm 
on (M, a A da), i.e. ||-ff|| 2 2 = J M H 2 a A da. Again Holder's inequality implies 
c 2 (H) < c(H 2 ), with equality if and only if H is a constant function. Thus 

-'i\\H\\ 2 L2 = -3c(H 2 ) • vol(M) 

< n(x H ) 

= (4c 2 {H) - 3c(H 2 )) ■ vo\(M) 

< c{H 2 ) • vol(M) 
= \\H\\l*. 

A straightforward calculation shows 

U{X H _ C ) = H{X H ) - 2cc H • vol(M) + c 2 • vol(M), 

which is a quadratic function of c € R with global minimum at c = c H . Thus if 
H has negative mean value, the helicity takes any real value on vector fields of the 
form ciXh-c-2 f° r Ci,C2 6l. □ 

5. The Hopf bundle 

On the unit three-sphere S 3 C C 2 , write 

z\ = x\ + iyi = e'* 1 sin 77 = cos£i sin 77 + i sin£i sin 77, 

z 2 = x 2 + iy 2 = e^ 2 cos 77 = cos £ 2 cos 77 + i sin £ 2 cos 77, 

for (zi, z 2 ) € S 3 , where < 77 < §, and < £1,^2 < 27r are Hopf coordinates. The 
standard regular contact form on S 3 is 

a= ^-(xxdyx - yidx x + x 2 dy 2 - y 2 dx 2 ) = ^- (sin 2 77 d^ + cos 2 77 d£ 2 ) , 

Z7T Z7T 

with 

da = — (dxi A c?yi + dx 2 A = tt - sm(2n)dri A (d£i — ^£2), 

7T ' Z7T 

so that the Reeb vector field is equal to the Hopf vector field given by R a = 
2tt(-^ + -^), which generates the (one-periodic) Reeb or Hopf flow on S 3 . The 
corresponding volume form is 

a A da = \ sm(2i])dr) A d^ A d& = -^-jdV, 

(z7T) Z7T 

where dV is the standard volume form on the unit three-sphere. The total volume 
of S 3 with respect to a A da equals 1 . 

On the unit two-sphere S 2 CK 3 , consider spherical coordinates 

x = cos(p, y = sin cos 7^, z — simp simp, 

where < <p < n, and < ip < 2ir. The standard area (or symplectic) form is (up 
to scaling) 

iv = -^—(xdyAdz + ydzAdx + zdxA dy) = sin ip dip A dtp = -^—dV, 

where again dV denotes the standard area form on the unit two-sphere. This gives 
S 2 a total area of 1 with respect to lj. 
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Recall the Hopf bundle S* 1 — H> S 3 — > S 2 . In the above coordinates, the projec- 
tion becomes p(n, £1, £2) = (2r?, £1 — £2) = (<p, ip). We have 

P*u = — sm{2 v )d(2r 1 ) A dfa - £ 2 ) = — sm(2n)dr] A (d& - d£ 2 ) = da, 

47T Z7T 

so that p: (S 3 ,a) — > (S* 2 ,a;) is the prequantization bundle (JB]) over the integral 
symplectic surface (S 2 ,w). By Theorem 11.11 and Proposition 14. 11 

H(X H ) = 4c 2 H - 3c H 2 = 4c| - 3c F 2 : 

where H = F o p, and where the average values are computed with respect to the 
volume form a A da on S 3 and the area form u on S 2 . 

Example 5.1. The Reeb vector field R a = Xh with H = 1 generates the Reeb flow 
on S 3 , and H(R a ) = 4c(l) 2 — 3c(l 2 ) = 1. This vector field (as well as its negative) is 
an eigenvector with eigenvalue 1 of the curl, and an energy minimizer on its adjoint 
orbit, with respect to an associated Riemannian metric g = a®a + da{- , J-) [BlalOj . 
Let X H = 2n(-^ — ^j-), then H = cos{2rf), or F = cosip with H — F op. 

1 /'^TT 

cf = — / / cos w sin (p d(p dt/j = 0. 
Jo Jo 

and 

1 p* f 2lT 1 
c F 2 = — / / cos 2 <p sin <p dip dip = — ■ 
4tt7 J ' 3 

therefore H(Xb) = — 1. 

Consider H — cos 2 rj — i(l + cos(27y)) and sin 2 77 = |(1 — cos(2r))), corresponding 
to the strictly contact vector fields Xh — 2ttt^ and 2ir-J^. Then F = |(1 + cos<p) 
and ^(1 — cosy?), respectively, and we compute as above H(Xh) = in both cases. 

By Equation (Q}, we can compute the relative helicity of these vector fields. For 
example, 4tt^ = R a + 2tt{^ - ^), and thus K(R a , 2tt(^ - ^)) = 0. 

6. HOMOTOPIES REL END POINTS 

We begin by recalling the following proposition, which is essentially contained in 
Ban78a]. For the readers' convenience, a complete proof is given in Appendix lAl 

Proposition 6.1. Let (M,a) be a closed and connected regular contact three- 
manifold, and S 1 — > M — » B be the associated Boothby- Wang bundle (0|) over 
the closed and connected integral symplectic surface (B,lu). If the base B has posi- 
tive genus, then the inclusion S 1 Diffo(M, a) into the identity component of the 
group of strictly contact diffeomorphisms is a homotopy equivalence. In particular, 
the fundamental group o/Diff(Af, a) is 7L, with generator the homotopy class of the 
one-periodic Reeb flow, and for k > 1, 7Tfc(Diff (Af, a)) is trivial. If the base B — S 2 , 
i.e. the Boothby- Wang bundle is the Hopf fibration, then the one-periodic Reeb flow 
represents twice the generator of 7r 1 (Diff (S 3 , a)) — Z, and the fundamental group 
is generated by the homotopy class of the flow of the vector field 2tt-^, which co- 
incides with the homotopy class of the flow of the vector field 2n-^. Moreover, we 
have n k {DiS(S 3 ,a)) = n k {S 3 ) for k > 1. 
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Corollary 6.2. If M = S 3 , the helicity of a strictly contact vector field depends 
on the homotopy class rel end points of the isotopy it generates. This holds true 
whether we consider homotopies in DiS(S 3 ,a) or DiS(S 3 ,a A da). 

Proof. By Example O we have W(4tt^-) = 0^1 = H(R a ), for i = 1,2, or 
H(2tt(-^ - ^-)) = -1^0 = U(0). Thus by Proposition EHJ the helicity depends 
on the homotopy class rel end points. The last statement follows from the induced 
homomorphism on fundamental groups. □ 

In other words, the helicity is not an invariant on the universal covering space of 
Diff (M, a), i.e. of the homotopy class rel end points of an isotopy. We write H ~ K 
if the isotopies and <&k ar e homotopic rel end points through a homotopy of 
strictly contact isotopies. That is, there exists a two-parameter family </> Sjt of strictly 
contact diffeomorphism, with </> Sj o = id and (f> s ,i — <fi £ Diff (M, a) for all < s < 1. 
Denote by X s ^ and Y St t the vector fields defined by 

370s, t = X s t o (f) s t , -j-(j)s,t = Y s ,t ° <t>s t t- 

at as 

In particular, Y s ^ — = Y s \. Since the diffeomorphisms 4> Sy t preserve a, the vector 

fields X s j and Y s ,t are strictly contact. 

Lemma 6.3. [Ban78aj IfH~K, then c(H) = c(K). 

Proof. It is well-known |Ban78bj that 

~r~Xa,t = irY s t + [X s ,t,Y s t\. 
as at 

Contracting a with this equation and integrating over [0, 1] x [0, l]xM (the bracket 
of two functions has vanishing average value) proves the lemma. □ 

Corollary 6.4. Suppose H ~ K for two basic functions H and K . Then 

U{X H )-U{X K ) = Z{\\K\\l.-\\H\\l 2 ). 

Thus the helicities of Xh and Xk are equal if and only if the L? -norms of H 
and K coincide; furthermore, ifTL(XH) > T-L(Xk), then ||_ff||£2 < ||if||^2, and if 
H(Xh) > TL{Xp), then ||-ff||_L2 < ||F||i2. Conversely, suppose two basic functions 
H and K generate contact isotopies with the same end point. If either T-I(Xh) > 
U{X K ) and \\H\\ L 2 > \\K\\ L 2, or H{X H ) > %{X K ) and \\H\\ L 2 > \\K\\ L *, then 
H ^ K. 

For example, suppose H ~ K . Then the helicity of the strictly contact vector 
field generating the composed isotopy o <& K is — 3||i? — K\\ 2 L -i < 0. If Xh 
generates a loop and H(Xjj) > 0, the loop is not contractible. 

7. Suspensions of surface isotopies 

In this section we improve, using different methods, results due to Gambaudo 
and Ghys [GG97 , relating the helicity to the Calabi invariant of surface isotopies. 
Denote by D 2 C M. 2 the unit disk in the plane with polar coordinates (r, 9), where 
0<r<l,0<#< 2ir, and standard area (or symplectic) form u> = r dr A d8, and 
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also consider the cylinder D 2 x M with volume form uj Adt, where t is the coordinate 
on the real line. Let cf> £ Diff (D 2 , dD 2 , uj) be an area preserving diffeomorphism 
that is the identity near the boundary dD 2 of the disk. Consider the solid torus 

T 4> = D 2 x M / {(<p n (x), t) ~ (x,t + n) | n € Z}, 

with the induced volume form w A (it, and denote by p : D 2 x R — >• the canonical 
projection to the mapping torus T^. The divergence- free vector field projects to 
a divergence- free vector field P*(-§i) = X ((/>), called the suspension of the surface 
diffeomorphism <p [GG97]. Clearly l(X((/)))(uj A dt) = uj = dX for a one- form A 
on D 2 , and the three- form A A uj vanishes for dimension reasons. The situation 
becomes more interesting after embedding into standard R 3 . 

Let {<pt} be an isotopy generated by a one-periodic smooth Hamiltonian function 
F: D 2 x R —> R that is compactly supported in the interior, with <fio = id and 
time-one map 4>i — <p. This isotopy gives rise to a volume preserving embedding 
T^fl 2 xl/Zsl 3 by composition of the map S{{<j) t }) : T -)• D 2 x R/Z given 
by (x, t) i — ^ (4> t (x),t) with an embedding D 2 x R/Z R 3 of the solid torus that is 
volume preserving with respect to the standard volume form dV on R 3 . An explicit 
(orientation preserving) embedding of D 2 x R/Z into R 3 is given by 

((r, 6), t) >-)• ((A + Br cos 6) cos(2?rf), Br sin 9, (A + Br cos 9) sin(27rf)), 

which preserves total volume for an appropriate choice of constants A > B > 0. By 
Moser's argument, it can be deformed to a volume preserving embedding r (that 
preserves the boundary). The vector field X((f>) defines a divergence-free vector 
field S({cj)t})*(X((j))) = X({<f> t }) = X + §- t on the solid torus D 2 x R/Z, where 
X(x,t) = Xp t (x) is the Hamiltonian vector field generating the isotopy {</>*}. We 
call X({<fi t }) the suspension of the surface isotopy {<pt}- By identifying D 2 x R/Z 
with its image t(D 2 x R/Z) in R 3 , we can identity the vector fields X({(j) t }) and 
T*X({</>t}), and refer to the latter also as the suspension of the isotopy {</>*}. 

Proof of Theorem ] 1.21 By restricting to differential forms on the torus D 2 x R/Z 
that are pull-backs of differential forms on the image of r that extend to global 
differential forms on R 3 , the same argument as in the proof of Lemma 12.21 implies 
H{T*X{{<j)t}),dV) = H(X ({&}), u Adt). On the other hand, 

L x({<p t })(u A dt) = i X 0J Adt + ui = dF t Adt + d\ = d(F t dt + A), 

where A is a one- form on D 2 (that extends to R 2 ) with dX = uj. The primitive 
Ft dt + X extends to a global one- form on R 3 . Moreover, 

(F t dt + X) A (dF t A dt + uj) = F t uj A dt - dF t A X A dt. 

Since F vanishes near the boundary, Stokes' theorem implies 

= / d(F t XAdt)= dF t AXAdt + F t ujA dt, 

JD 2 xR/Z JD 2 xR/Z 

and thus 

H(X({(f> t }),uj Adt) = 2 / F t ujAdt = 2[ [ F t uj dt = 2 Cal(0). □ 

Jd 2 xr/z Jo Jd 2 
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Example 7.1. Consider the solid torus D 2 xR/Z with coordinates ((r, 9),t), where 
< r < 1, < 6 < 2ir, and < t < 1 (considering a disk of arbitrary radius 
corresponds to rescaling the area form). Let p: [0, 1] — > K be a smooth function 
that is identically zero near r = 1, and consider the area preserving diffcomorphism 
D 2 -4 -D 2 defined by (r, 0) ^ (r, + /?(r)) for r > 0, and <^ p (0) = 0, where 
denotes the origin in R 2 . The suspension of the isotopy {4> P } = {</>tp} is the vector 
field 

cf. [GG011 Section 1.4], and its generating Hamiltonian function is 

F(r,9) = I S p(s)ds, 

J r 

|MO07[ Example 4.2]. An easy computation shows 

tx({<p tp }){rdr/\dOAdt) = d(^r 2 d6+(^J sp{s)ds S jdt^ = d/3 p . 



Then 



(3 p Ad/3 p = ( ^r 2 p{r) + / sp(s) ds) r dr A dO A dt. 



Using integration by parts for the second summand, we find 



1 /-27T pi f -y pi \ pi 



H(X({<pt p })) = J J j y-r A p{r)+rJ sp(s) ds J drdddt = 2tt J r A p{r)dr. 

Let (f>i, cf>2 £ Diff (D 2 , dD 2 , to) be two area preserving diffeomorphisms that are 
the identity near the boundary, and consider the corresponding solid tori T ( j >1 and 
T<f, 2 . Let {4>\ } and {4> 2 } be Hamiltonian isotopies as above with <p\ = <p 2 — id, 
and time-one maps 4>\ — 4>\ and <p\ — 4> 2 - Again consider X({(f>\}) = X\ + ^ and 
X({(f> 2 }) — X 2 + as vector fields on D 2 x K/Z, and embed the solid torus into 
the three-sphere by 

r 1 : ((r, 6), t) M- Q sin" 1 r, 9 + 2nt, 2tt^ = fa, fc, &) e S 3 

(rather than the standard ((r, 0), t) i-> (A sin -1 r, 9, 2nt)) and 

r 2 : ((r,0),t)^ Q(^-sin- 1 r),27ri,0 + 2 7 r^ = fafc.fc) £ S 3 , 

so that the vector fields t$(X ({(/>[})) and t 2 (A({02})) coincide along their common 
boundary {77 = 7r/4}. Here the image of r 1 is the solid torus {77 < n/4} in S 3 , and 
the image of r 2 is the solid torus {77 > Denote their sum by X({<f>\}, {(f> 2 })- 

This divergence-free vector field on the three-sphere S 3 is called the double sus- 
pension of {</>'} and {</>!}• Up to scaling, the volume form p on S 3 obtained from 
gluing together the two copies of the solid torus is the standard one, and has total 
volume equal to 2ir. 
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Proof of Theorem[TM By Lemma E2J 

U{X{{4>\}, m);dV) = H(X ({ft}, {$}); tt M ) = ^ 2 • H(X({<t>\}, {0 2 }); M ). 
By construction, X ({${}, = 7"* C^i) + r|(X 2 ) + i? Q , so that 

{02})) = H(ri (Xi) + r* 2 (X 2 )) + 2ft(r* (*i) + r 2 (X 2 ), i? Q ) + %{R a ). 
For the first term, we compute 

U{tI{X x )+^{X 2 )- I i) 

= U(tI{X{);h) + 2K(tI(X 1 ),^(X 2 );»)+H(t*(X 2 );h) 
= H{X\,u) A dt) + H(X 2 ,cj A dt) =0, 

since t^(X%) and t%(X 2 ) have disjoint supports on S 3 , and by the last statement 
of Theorem 11.21 Moreover, 

11{tI (X 1 ) + r 2 (X 2 ),R a ; fJ ,) = K(tI (X 1 ),R a ;n)+ K(t? (X 2 ), R a ; /x) 

d d 
= K(X U — ; w A (it) + ft(X 2 , -;uA dt) 
at at 

= Cal(</. 1 ) + Cal(0 2 ). 
Since H(R a ) — (vol^ 3 )) 2 , combining all of the above proves the claim. □ 

8. Continuous contact isotopies 

Let (M, £) be a closed contact manifold equipped with a contact form a. A 
continuous isotopy $ = {</>t} in the group Homeo(M) of homeomorphisms is a 
continuous strictly contact isotopy if there exists a Cauchy sequence of smooth 
basic contact Hamiltonian functions Hi : [0, 1] X M — > R, such that the sequence 
$Hi of strictly contact isotopies converges uniformly to $. Here the norm [BSlla 
used to define the metric on the space of contact Hamiltonian functions is 

(10) \\H\\ = max ( ma,xH(t,x) - min H(t,x) + \c(H t )\ ) , 

0<t<l \x£M x£M J 

which means the Cauchy sequence Hi converges uniformly. It is also possible to 
replace the maximum over < t < 1 by the integral over the interval [0, 1], but we 
will restrict to the former case in this article. For a detailed study of continuous 
contact isotopies and related notions, see |BSlla[ iMSllj . 

Suppose now (M, a) is regular. Then the continuous contact Hamiltonian func- 
tion H = linij Hi associated to the continuous strictly contact isotopy $ is unique 
[BSllaj . In other words, if Hi and Ki are two Cauchy sequences of smooth basic 
contact Hamiltonian functions with lim^ = $ = lim^ , then we must have 
linii Hi = lim^i^. Thus the limit of the sequence %{X}i i ) exists and does 

not depend on the sequence Hi but only on the continuous strictly contact isotopy 

That proves Corollary 1 1.41 and that Definition 11.51 is well-defined. 

We point out that the contact Hamiltonian functions Hi are time-dependent in 
general, even if the limit H is autonomous. However, by our earlier remark the 
hclicity of a time-dependent divergence-free vector field that is exact at all times t 
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is well-defined, and Definition 11.51 makes sense for any continuous strictly contact 
isotopy. 

Conversely, a continuous strictly contact isotopy is uniquely determined by its 
continuous contact Hamiltonian function [BSllaj . To be more precise, suppose 
two sequences of smooth basic contact Hamiltonian functions Hi and Ki generate 
two sequences <&n i and of uniformly convergent strictly contact isotopies. If 
limj Hi = linii Ki, then lim^ $^ = lim^ Denote the common limit by $. In the 
terminology of topological (strictly) contact dynamics, the continuous Hamiltonian 
function H — lim^ Hi 'generates' the isotopy $, and we write §h = 

By the above uniqueness theorems, the continuous strictly contact isotopy 
is a one-parameter subgroup if and only if its continuous contact Hamiltonian 
function is autonomous. Furthermore, a continuous contact Hamiltonian function 
H is invariant under the Reeb flow, and we call H a continuous basic function 
on M [MSllj . In particular, there exists a unique function F on B such that 
H = p* F = F o p. This function F is a continuous Hamiltonian function in the 
sense explained in the next section. Moreover, the ^-extension ([7]) extends to 
so called strictly contact homeomorphisms of M, i.e. time-one maps of continuous 
strictly contact isotopies, and Hamiltonian homeomorphisms of B [BSllaj . The 
latter were defined and studied in [MO071 lMul08bl IMul08a] . See the next section 
for a brief summary. Example 14.41 concerning horizontal lifts can be generalized 
verbatim to continuous Hamiltonian isotopies. 

Suppose 4> € Homeo(M) is the uniform limit <f> = lim; fa of a sequence of strictly 
contact diffeomorphisms, i.e. fact = a for all i. We denote the group of strictly 
contact diffeomorphisms by Diff(M, a), and the group of limit homeomorphisms 
by Diff(M, a). By rigidity, if a homeomorphism <f> 6 Diff(M, a) is smooth, then 
(f> € Diff(M, a) [MSllj . justifying our notation. 

Proof of Theorem \1.6i Let $ be a continuous strictly contact isotopy with contin- 
uous contact Hamiltonian function H , and Hi be a Cauchy sequence with limit H 
and $ uniformly, whose existence is guaranteed by the definition of a con- 

tinuous strictly contact isotopy. Then the conjugated smooth isotopy fa^ 1 o . o fa 
has the smooth contact Hamiltonian function Hiofa, and moreover, it converges to 
(f)^ 1 o $ o <p uniformly, and Hi o fa converges to H o <f> in the metric defined by (|10[) 
BSlla]. This extension of the usual transformation law provides further justifica- 
tion for our notation. Since <fi preserves the (measure induced by the) volume form 
a A da on M, the change of variables formula shows that <j> preserves the average 
value c of a function on M. Thus the following identities hold. 

H{(j> o $ o cj)- 1 ) = (<ic 2 (H ofa)- 3c((H o fa 2 )) ■ vol(M) 

= (4c 2 (H) - 3c(H 2 )) ■ vol(M) 

= %{<&) □ 

9. Continuous Hamiltonian isotopies 

We briefly recall the definition of a continuous Hamiltonian isotopy, which is sim- 
ilar to the case of a continuous contact isotopy discussed in the previous section. 
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See |MO07| IMul08bl IMul08a] for details. Let (B 2n ,uj) be a closed and connected 
symplectic manifold. Recall from Section [3] the one-one correspondence between 
Hamiltonian vector fields X = Xp, and smooth mean- value zero normalized func- 
tions F on M, given by the relation lxuj = dF. In this context, a smooth function 
on M is generally referred to as a Hamiltonian function. Suppose Fi : [0, 1] x B — > R 
is a sequence of smooth mean value zero normalized time-dependent Hamiltonian 
functions, and denote by $f 4 = {4>p . } the sequence of smooth Hamiltonian iso- 
topies corresponding to the Hamiltonian functions Fi, i.e. the isotopies generated 
by the vector fields Xp t . If Fi is a Cauchy sequence with respect to the metric 
induced by the norm (|10j) . and ^p t converges uniformly to a continuous isotopy 
$ = {4>t} of homcomorphisms, then <I> is called a continuous Hamiltonian isotopy, 
and the limit F = lim Fi is called a continuous Hamiltonian function. The group of 
time-one maps of continuous Hamiltonian isotopies is denoted Hameo(_B, w). Note 
that we assume the Hamiltonian functions have mean value zero (with respect to 
the canonical volume form u> n ), so that the term c(F(t, •)) in (flOf vanishes in the 
present situation. It is again possible to work with the (weaker) norm obtained by 
replacing the maximum by the time average over < t < 1. These definitions make 
sense for noncompact manifolds and manifolds with nonempty boundary, provided 
one considers only Hamiltonian functions that are compactly supported in the in- 
terior of B, and adjusts the definition accordingly. In this case, the mean value of 
a Hamiltonian function need no longer vanish identically, it is instead normalized 
by the requirement of having compact support in the interior. 

A continuous Hamiltonian isotopy is uniquely determined by its generating 
Hamiltonian function MO07 . That is, suppose that a sequence ^p t of smooth 
Hamiltonian isotopies, generated by normalized smooth Hamiltonian functions Fi, 
converges uniformly to an isotopy $ of homcomorphisms, and that the Hamiltonian 
functions converge to a continuous function F uniformly. If another such sequence 
$Gi satisfies lim^ Fi = lim; Gi, then lim^ §p i = lim.; $G i5 and we denote Qp = <f>. 

Conversely, L. Buhovsky and S. Seyfaddini [BSllb] generalized (and simplified 
the proof of) a previous result by C. Viterbo Yit06] on the uniqueness of the 
'generating Hamiltonian' F. That is, if Fi — »■ i* 1 and Gi — > G, and the isotopies 
$>Fi an d &Gi have the same uniform limit $, then F = G. When B = D 2 , the real 
number 



is well-defined, and depends only on the continuous Hamiltonian isotopy <I>. If $ is 
a smooth Hamiltonian isotopy, it equals the Calabi invariant of the time-one map 
of $. We thus call (fTT|) the Calabi invariant Cal(<I>) of the isotopy $, and note 
Cal(<I>) = lim; Cal(<3?Fi) for a (and thus any) sequence of Hamiltonian isotopies 
converging to $ in the sense of the definition of a continuous Hamiltonian isotopy. 
Note that every smooth area- preserving isotopy of (D 2 ,dD 2 ,uj) is Hamiltonian. 

Suppose $ = {4>t} is a continuous Hamiltonian isotopy, Fj a Cauchy sequence 
in the sense explained above, and the smooth Hamiltonian isotopies converge 
uniformly to <&. Consider the suspensions X($fJ defined in Sectional These do 



(11) 
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not necessarily converge to a (continuous) vector field on D 2 x K/Z as i — > oo. 
However, the flows (with time-s maps) {x,t) i-> (0^~ s o ((/) t F .)~ 1 (x) 7 t + s) converge 
uniformly to the flow (x, t) i-> (4>t+ s 4>-t 1 ( x )i ^ + s )j which we call the suspension of 
$. As remarked above, Cal^fJ — > Cal($), independently of the choice of sequence 
El in Definition 11.81 That proves Corollary II . 71 shows that Definition 11.81 is well- 
defined, and extends the definition in the case of a smooth Hamiltonian isotopy. 
However, recall again that in general the helicity is not C°-continuous with respect 
to the isotopy <£; if a sequence of isotopies $i converges only uniformly to <J>, their 
helicities need not converge. 

The group Sympeo(Af, oS) of symplectic homeomorphisms is by definition the 
C°-closure of the group Symp(M, lu) = {<fi G Diff(M) | 4>*lu = lu} of symplectic 
diffeomorphisms in Homeo(Af) MOQ7]. The usual transformation law continues 
to hold for homeomorphisms, i.e. <pr x o <£> o <fr = {(f)^ 1 o <f> t o cj>} has continuous 
Hamiltonian function F o (f> for any continuous Hamiltonian isotopy $ = {4>t} with 
continuous Hamiltonian function F, and symplectic homeomorphism <fi. Again by 
rigidity, an element of Sympeo(Af , lu) that is smooth belongs to Symp(M, uj), which 
together with the transformation law justifies our notation. 

The Calabi invariant of $ is conjugation-invariant by area preserving diffeomor- 
phisms of the two-disk. Any area preserving homeomorphism can be approximated 
uniformly by diffeomorphisms Mun59 ( Mun60, Mun65 ( Hir63 , and thus by area 
preserving (or symplectic) diffeomorphisms Oh06, Sik07 . Therefore the Calabi 
invariant (|11[) of a (smooth or continuous) Hamiltonian isotopy is invariant under 
conjugation by any area preserving homeomorphism of the two-disk. For smooth 
isotopies, this was known to Gambaudo and Ghys, see [GG97] for a different proof. 

Proof of Theorem \1.9[ Denote the suspensions by (f> s (x,t) — (<j)t+ s ^r 1 ! 2 -)^ + s ) 
and tp s (x, t) = (ipt+s ° V , r 1 ( x )^ + s )> an d write (p{x, t) = (<p(x),t). By hypothesis, 

ip s (x,t) = ipo<fi s o ip^ 1 (x,t) = (cpo ((j) t+a o (f)' 1 ) o ip^ 1 (x),t + s). 

The right-hand side is the suspension of the isotopy ip o $ o ip^ 1 = {<£> o <p t o ip" 1 }, 
and thus has helicity 2Cal(tp o $ o ip^ 1 ) = 2Cal($) by conjugation invariance, which 
in turn equals the helicity of the suspension of □ 

10. TOPOLOGICALLY CONJUGATE DIFFEOMORPHISMS 

Recall Arnold's first question presented in the introduction. Suppose (the volume 
preserving isotopies generated by) two smooth exact divergence-free vector fields X 
and Y are topologically conjugate. That means there exists a (volume preserving) 
homeomorphism ip such that {ip o ifi^ o ip^ 1 } — {<py}- If is a C 1 -diffeomorphism, 
this is equivalent to ip*X = Y, and it is easy to see that the helicities of X and Y 
coincide fLemma I2.2[) . Does this identity hold in general, even if i/j is not a C 1 - 
diffcomorphism, and thus ip*X is not well-defined? Theorem 11.61 and Theorem 11.91 
provide positive answers in two particular cases coming from the contact geometry 
of regular contact three-manifolds, and the symplectic geometry of surfaces. The 
discussion in this section and the next is intended to illustrate these results. 
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The proof of the following algebraic lemma is trivial. For G a group, we denote 
by Z g — {c G G gc — eg} the centralizer of g G G. 

Lemma 10.1. If for a,b,c elements of some group G we have cac^ 1 = b, then 
dad^ 1 — b if and only if d € c • Z a = Z\, ■ c. 

The lemma applied to the group G — Homeo(M) says if ip o <f> o tp^ 1 = cp t then 
in general "0 is not unique. Note that it is trivial to produce examples of two 
diffeomorphisms or isotopies of diffeomorphisms that are topologically conjugate. 
For example, if a diffcomorphism <f> equals the identity on some open set U, and 
ip is a diffeomorphism outside an open set V C U but non-smooth inside V, then 
i/j o (f> o ip^ 1 is a diffeomorphism. Similar examples can be constructed if tj> is 
the identity on some factor of a product manifold. The actual problem is to find 
examples of topologically conjugate diffeomorphisms or isotopies of diffeomorphisms 
that are not conjugated by a diffeomorphism. Indeed it appears to be quite rare a 
situation that two diffeomorphisms are conjugated by a homeomorphism but not a 
C^diffeomorphismQ 

The following construction is due to Furstenberg |Fur61l IRou90j . Let 9 be an 
irrational number, d an integer, and / a smooth function on S . A Furstenberg 
transformation 4>e,dj is a diffcomorphism of T 2 defined by 



Furstenberg transformations are always area preserving (with respect to the stan- 
dard area form dx A dy), and minimal (that is, every orbit is dense in the torus T 2 ) 
provided d is nonzero [Fur611 Rou90 . The following lemma is essentially contained 
in [Kod95aj . 

Lemma 10.2. Let 9 be an irrational number, d a nonzero integer, and f a smooth 
function on S . Consider the Furstenberg transformations <fio,d,f an d 4>e.d,o ofT 2 . 
There exists a continuous map ip : T 2 — > T 2 that satisfies the identity ip o 4>g,dj — 
0e.d,o ° ip if an d only if f can be split with respect to the circle action x i— > e 2 x 
on S , i.e. there exists a continuous function g on S 1 that satisfies the equation 
g(x) — g(e 2 x) = f(x) — r\, where r\ denotes the average value of f (with respect 
to the measure induced by dx). In that case, 



where m and k are integers. In particular, is (a posteriori) an area preserving 
homeomorphism, and (f>e,d,f is topologically conjugate to 4>g t d,a- Moreover, the func- 
tion g is unique up to (adding) a real constant. Thus if f is smooth and g is not 
C , then 4>e,d,f is topologically conjugate but not C 1 -conjugate to 4>e,d,o- 

Proof. The 'if part is a straightforward computation. For the 'only if part, suppose 
gi and gi are continuous functions with gi(x) — gi(e' 1 x) = f(x) — r\ for z = 1,2. 



■'"We thank E. Ghys for making this observation during a private conversation at Edifest, ETH 
Zurich in November 2010, and for making us aware of Furstenberg's example. 



<f>e,d,f{x,v) = {xe 



,x ye 



2TTif(x) 
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Their difference then satisfies (gi — g2){x) = (gi — g2){e 2 x) with 8 irrationai, and 
by continuity, g\ — gi is constant. By the homotopy lifting theorem we may write 

for integers mi, Hi, m 2 , n 2 , and smooth functions Fi,F 2 on the torus. Calculating 
explicitly tp o 4>e,dj — </>e,d,o ° V'j an d using that 9 is irrational and </>/ is area 
preserving and minimal yields 



where F(x,y) — F(cf>f(x,y)) = f(x) — r\ and F: T 2 — > K is a continuous function 
Kod95a 2 The function G defined by G{x,y) = g(x) also satisfies the equality 
G{x,y) — G{(j)f(x.y)) = f(x)—r). Subtracting shows the continuous function F — G 
is constant since 4>8,dj is minimal. Then F(x,y) = g(x) + c as claimed. This 
shows the map tp has the required form, and it is easy to see that it is injective and 
surjective, and thus a homcomorphism (since T 2 is compact and Hausdorff). □ 

Example 10.3. Fur61j For an irrational number 6, choose a sequence of integers 
rik > 2 fe , k > 1, such that < nkO — [nkO] < 2^' lfc , where [x] as usual denotes the 
greatest integer less than or equal to Define rik = —n-k for k < 0. Then the 
real function / : S 1 —> R defined by 

k 

is a smooth function on S 1 with mean value zero. Now define the real function 
g: S 1 ~>Rby 

which is continuous in a: £ 5 1 , but not C 1 -smooth. It is immediate to check that 
g{x) - g(e 2 ™ e x) = f(x). 

A necessary and sufficient criterion for when a function can be split (with respect 
to some minimal homeomorphism) was proved in |GH551 page 135], see also |Rou901 
IKod95aj . Examples of such functions are most easily constructed as above using 
Fourier series Kod95b, Lemma 2.1] and Plancherel's theorem, where the number 
T) is the coefficient of the constant term. 

The following proposition generalizes the preceding example (in which M is void) 
to trivial T 2 -bundles of any dimension. 

Proposition 10.4. For AI a smooth manifold, there exist pairs of diffeomor- 
phisms of M x T 2 that are conjugated by a homeomorphism but not by any C 1 - 
diffeomorphism. If moreover M supports a volume form [i, and M xT 2 is equipped 
with the product volume form fiAdxAdy, then there are pairs of diffeomorphisms as 



2 Kodaka gave the proof in the case d = 1, but the general case is proved verbatim. He moreover 
assumed that a priori ?/> is a homeomorphism; however this is not necessary. 

■^Furstenberg originally constructed only one such number 9, but by Poincare's recurrence 
theorem, this can be done for any irrational number 9. 
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above which in addition are volume preserving, and the conjugating homeomorphism 
may also be chosen to preserve volume. 

Proof. A straightforward computation shows that 

(id x V) o (id x <pe,dj) = (id x 4>e,d,o) ° (id x tp), 

where <j>e,d,f, 4>9,d,o, an d ip are as m the example above. We may in fact replace 
the second and third identity map by any homeomorphism <j> of M here and in the 
argument below, and also choose g(p, x) = g(x) + c(p) for a continuous function c 
on M. That proves the existence part of the proposition. 

Let tp = ipi x ip2 ■ M x T 2 — > M x T 2 be a C 1 -diffeomorphism, where the 
factors ipi '■ M x T 2 -> M and ip 2 ■ M x T 2 — > T 2 are both C 1 -smooth maps, and 
assume that tp o (id x (f>e,d,f) = (id x 4>e,d,o) ° ip- F° r fixed p € M, consider the 
restriction iffi = ipzipi ') °f 02 to the fiber over p. By a routine computation, we 
have ^ 0s, d,/ = 00,d,o 02- -But by Lemma 110.21 ^ cannot be C^-smooth, a 
contradiction. □ 

Alternatively, the identity ip o (id x 4>e,d,f) = (id x 0e,d,o) ^ a l so implies ^ = 
"01 00,d,/> wnere 0i : — > A/ is the restriction of -01 to the fiber over p. Since 
4>e,dj is minimal (d 7^ 0), this implies ipi only depends on p but not on (x, j/) € T 2 . 
Thus for fixed p G M, the map 02 i s a local diffeomorphism. Its image is open and 
closed, and therefore 02 is surjective. Since it is also injective, it is a diffeomorphism 
of T 2 , and we may proceed as above to derive a contradiction. However, the 
proof given above shows there does not even exist a C^-smooth map tp such that 
tp o (id X 00,d,/) = (id x 0e,(2,o) V 7 - The following result can be proved similarly to 
Lemma 110.21 

Lemma 10.5. If M is connected and simply- connected, or M — T n in Proposi- 
tion ^ 0.^ then the homeomorphism tp conjugating id x 4>e,d,f a> n d id x (pe,d,a * s °f 
the form 

0(p, (x,y)) = ^P)A^ iS1 ^,x m ye 2 ^^+^)) 

respectively 

0b,(x,y)) = (^(p^xe™ 2 ^ ,x m ye 2 ^^ +c ^ P r---Pl n )) , 

for a homeomorphism ip\ of M, integers m, k, and q±, . . . ,q n , and a continuous 
function c on M. tp is volume preserving (with respect to a product volume form 
on M x T 2 ) if and only if tp\ is. 

Conversely, we have the following example. 

Example 10.6. Suppose / = 77 is constant, and tpo(p g _ dri — 0e.d,o°0- Then again 
ip has the above form for a function g that satisfies g(x) — g{e 2 ' K ' l9 x) — f(x) — r\ = 0. 
Assuming ip is continuous, g must be continuous, and thus constant. Therefore 

tp(x,y) = {xe 2m,J1 ^ ± i ±]L ,x m ye 2 ™) 

for some c £ K, and is in particular an area preserving diffeomorphism. That 
provides an example of two area preserving diffeomorphisms that are conjugated 
only by (area preserving) diffeomorphisms. 
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A thorough study of topological and smooth conjugacy of diffeomorphisms of 
the circle S 1 is carried out in the book by A. Katok and B. Hasselblatt [KH95 . 
In particular, for any integer r > 0, the authors construct examples of C r+1 - 
smooth diffeomorphisms of S 1 that are only conjugated by diffeomorphisms (or 
homeomorphisms, when r = 0) of class C r . 

11. TOPOLOGICALLY CONJUGATE SMOOTH DYNAMICAL SYSTEMS 

We would like to point out that none of the diffeomorphisms in Section [lU] that 
are conjugated by homeomorphisms (and only homeomorphisms) are isotopic to 
the identity, since the integer d in the definition of the Furstenberg transformation 
is nonzero. We now construct examples of smooth Hamiltonian and strictly contact 
isotopies that are conjugated by a homeomorphism but not by symplectic or contact 
C 1 -diffeomorphisms, respectively. We begin by recalling some facts previously used 
in this work in the form of a well-known and easy to verify lemma. We state it for 
autonomous vector fields, but the conclusions of the lemma are equally valid for 
time-dependent vector fields. 

Lemma 11.1. Let X and Y be smooth vector fields on M , and cf> a diffeomorphism 
of M. Then cf, o $ x o = cf/y for all t if and only if tf> t X — Y. If X = X H 
and Y = Xp are Hamiltonian (with respect to some symplectic form if M has 
even dimension) or strictly contact (with respect to some contact form if M is odd- 
dimensional), and cf> is symplectic or contact, respectively, then cf> o cf> l H o cf>~ 1 = cf> F 
for all t if and only if e h H = cf>*F = F o <p. Here <f>*a = e h a if cf) is a contact 
diffeomorphism, and h — if cf) is symplectic. 

The proposition we are stating next by-passes the reference to the vector fields, 
and directly relates the isotopies to their Hamiltonian functions. 

Proposition 11.2. [MO07( IMTTa] Suppose $ H and$ F are continuous or smooth 
Hamiltonian isotopies (of a symplectic manifold) or strictly contact isotopies (of a 
regular contact manifold) , and cf> is a symplectic homeomorphism or the uniform 
limit of strictly contact diffeomorphisms. Then cf> o <^>|, o <f>^ 1 — (f> F for all t if and 
only if H = F o cf). 

Example 11.3. Let (M 2 ,w) be a symplectic surface, and F be a smooth function 
on M that in local (Darboux) coordinates near some point in M has the form 
F(r,6) = e-^ r ^\ where 



JK ' ' r 2 (l + 15cos 2 (9) 

is the composition of the map (r, 9) h-> ^_ w ith the area preserving change of coor- 
dinates (x,y) i— > (2x, |). Here r 6 M> and 9 £ M/27rZ denote polar coordinates, 
and x = rcos9 and y = rsin(9 denote rectangular coordinates in the plane. By 
cutting off the Hamiltonian F outside a neighborhood of the origin, we may assume 
it is compactly supported in the domain of the Darboux chart. 

For a disk D 2 C M 2 contained in the domain of the Darboux chart and centered 
at the origin, let cp p : D 2 -)• D 2 be an area preserving homeomorphism compactly 
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supported in the interior of D 2 , denned by (r,9) i-> (r, 6 + p(r)) for r > 0, and 
4> p (0) = at the origin, where p: (0, 1] — > M is a smooth function with p(r) = 
near r = 1, cf. |MO071 Example 4.2] or |Mul08bl Example 2.6.5]. This extends to 
an area preserving homeomorphism of M by the identity outside D 2 C M , which is 
smooth everywhere except at the origin by an appropriate choice of p. Indeed, by 
imposing p > and p'(r) — > — oo sufficiently fast, cj> p is not even Lipschitz. Consider 
the function H(r, 9) — Fo(p p (r, 9), which is obviously smooth away from the origin. 
Since F decays exponentially as r — > + , F o (f> p converges to zero as r — > + . 
Similarly, one sees all partial derivatives at the origin exist and vanish, and thus H 
is a smooth function on M, By Proposition |TT72l we have <p p o cp H o cp^ 1 = (ftp, that 
is, the smooth Hamiltonian vector fields Xh and Xf are topologically conjugate. 
If p(r) grows like r~ a as r — > + , where < a < 2, then <\> p becomes a Hamiltonian 
homeomorphism that is not Lipschitz. 

Recall that on a smooth manifold M of dimension at most three, every home- 
omorphism can be approximated uniformly by diffeomorphisms, and if a volume 
preserving homeomorphism can be approximated uniformly by diffeomorphisms, it 
can also be approximated uniformly by volume preserving diffeomorphisms. This 
in particular means every area preserving homeomorphism is a symplectic homeo- 
morphism. 

Lemma 11.4. Suppose that p(r) grows like r _a_1 as r — > + , where a > 0. If tp 
is an area preserving homeomorphism of M that conjugates the flows of H and F , 
then ip is not Lipschitz; consequently no C -symplectic diffeomorphism conjugates 
the Hamiltonian vector fields Xh and Xp . 

Proof. Because if> is a symplectic homeomorphism, F o<f) p = H = F oip by Proposi- 
tion lll.2l and thus Fo^o^ 1 ) = F. That is, the homeomorphism ipocj)^ 1 preserves 
the level sets of F, which near the origin are concentric ellipses centered at the ori- 
gin. By hypothesis, there exist two sequences of positive numbers r n > r' n — » + 
such that r n — r' n < r„, p(r n ) — ir/2 mod 27r, and p(r' n ) — ir mod 2ir. Assuming ip 
is Lipschitz, its Lipschitz constant L > must obey the inequalities 

L> I^Vn,!))-^ 1 ^))! > n 
1^(^,1) -4>p\r' n ,Tr)\ 

The middle inequality holds because (j)^ 1 — (f>- p , and ip o <p~ l preserves the con- 
centric ellipses. Thus ip cannot be Lipschitz continuous, and there is no symplectic 
C 1 -diffeomorphism conjugating the two Hamiltonian vector fields. □ 

In fact, the lemma still holds if p(r) grows like r~ a for a > 0. Then there exists 
< e < a, and sequences r n and r' n as above, except that r„ — r' n < rf~ t+1 . In 
this case one obtains the inequality L > (l/4)(3r~ a+c + 1) — > +oo. It is possible to 
embed countably many disjoint disks (of shrinking radii) into any surface (M, uS), 
producing examples where ip fails to be C 1 at at least countably many points. 



-r'n 4 \r n ) 
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Example 11.5. Let (M 2n ,uj) be a symplectic manifold of dimension 2n. In local 
Darboux coordinates (n, . . . , r n , 9\, • ■ ■ , 9 n ), consider the autonomous Hamiltonian 

G(n,...,r n ,9i,...,0 n )= / sp(s)ds, 

J r 

where r = \Jr\ + ■ ■ ■ r 2 . For an appropriate choice of p as above, this Hamiltonian 
generates the Hamiltonian homeomorphism (f> p : M — > M , given by <fi p (0) — 0, and 

</> p (ri,...,r„,6q,...,6»„) = {n,...,r n ,6i + p(r),...,9 n . + p(r)), 

c.f. |MO07| IMul08a| IBSllbj . Define F = e ~ f ^ 9l \ where the function / is as in 
Example 1 11 .3[ and H = Fo<fi p . Arguing as above, we obtain two smooth Hamilton- 
ian (and in particular exact divergence-free) vector fields Xp- and Xjj- on M whose 
Hamiltonian isotopies are conjugated by a symplectic homeomorphism that is not 
even Lipschitz. Moreover, there does not exist a C^-symplectic diffeomorphism nor 
Lipschitz symplectic homeomorphism conjugating the two isotopies. 

If M is noncompact and ip is a conformally symplectic ^-diffeomorphism, i.e. 
ip*Lu = ccj, then cF = F o (ip o 4>~ ), and the same argument as above applies to 
show ip is not Lipschitz. 

Example 11.6. Let S 1 — > M 2n+1 — > B 2n be the prequantization bundle over 
a closed symplectic manifold (B 2n ,uj) with projection p: M — > B. Let F and 
H = F o (f> p be smooth functions on B as in Example 111.51 Then F = F o p and 
H = Hop = Fo (0 p o p) are basic functions on M, and thus generate strictly 
contact isotopies of M. Since (j) p is a Hamiltonian homeomorphism, it induces a 
well-defined strictly contact homeomorphism (f> p of M with <f> p o p = p o <f> p [BSllaj . 
Then H = F o (0 p op) = F o (p o <j) p ) = F o <f) pi and the strictly contact isotopies of 
F and H are topologically conjugate by Proposition [TT73] If 4> is any other contact 
diffeomorphism on M (or the uniform limit of strictly contact diffeomorphisms) 
conjugating the two isotopies, then e h F — F o (ip o (j)^ 1 ) for a smooth and thus 
bounded function h on M. By the same argument as above, any such ip has 
regularity less than Lipschitz. 

If we allow the Hamiltonian vector fields to be time-dependent, we can produce 
examples of vector fields not conjugated by any C^diffeomorphism. 

Example 11.7. Let /t(r, 6) be a smooth function on [0, 1] x R 2 that near the origin 
is given by composition of the function (r, 9) i— > pr with a time-dependent area 
preserving change of coordinates equal to (x, y) h-> (a(t)x, ^tjy), where a(t) = 2 near 
t = and a(t) — ^ near t = 1, and define a smooth function by F t (r, 9) = e^^^ r ' e \ 
Let <fi p be as above, and H t = F t o 1 . By the same argument as before, this gives 
rise to smooth Hamiltonian functions on the surface (M, w), and their Hamiltonian 
isotopies are topologically conjugate, <fi p o § l F = ^ o <j) p . 

Lemma 11.8. The Hamiltonian isotopies {(/)%} and of M are not C 1 - 

conjugate, i.e. there exists no C 1 -diffeomorphism ip of M such that ipotfi^ = tfyoip. 
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Proof. Arguing by contradiction, suppose there exists a C^diffcomorphism ip such 
that ip o <p F = (p l H o ip. Then in local coordinates, the diffeomorphism <p F preserves 
the area form ip*a = det dip(x) a. Thus det dip(x) = det dip((p F (x)) for all x near 
zero. Near t = and t = 1, the flow of F follows concentric ellipses centered at 
the origin but with major axis at t = perpendicular to the major axis at t = 1. 
This implies detdip(x) — c is independent of x, or ^ is conformally symplectic, 
at least near the origin. Since the transformation law is a local statement, we 
have cF t = Ht o ip, or cF t o (■(/>" 1 ° </> p ) = i 7 * near the origin. By essentially the 
same argument as above, the local inverse ip~ x is n °t Lipschitz near the origin, a 
contradiction. □ 

Note that the examples can be modified so that F t is C°°-close to an autonomous 
Hamiltonian. The statement that there exists no C 1 -map ip such that ip o <p F = 
4> l H o ip is false: if ip2 is the constant map ip2{p,x) = xq, where xq is any point in 
S at which X f H vanishes for all t (e.g. the origin or a point on the corresponding 
Reeb circle in the examples above), the above identity holds. 

As mentioned in the introduction, one can also define the helicity as follows: for 
two points x and y <E M and two times t\ and consider the pieces of trajectories 
^(x), < t < t±, and 4>x(y)> < t < ^2, and close them up to loops using a 
'system of short paths' in M. The asymptotic linking number of these two loops 
is defined, and the helicity equals the average of these asymptotic linking numbers 
over M x M. See for example |Ghy07| for details. This alternate definition suggests 
that the helicity could be invariant under topological conjugation. However, the 
system of short paths considered above to close up the pieces of trajectories may 
become tangled up when conjugating with a homeomorphism, so invariance of the 
helicity is not obvious. We now observe that the problem is indeed a local one. 

Lemma 11.9. Let {Ui} be an open cover of a closed smooth three-manifold M 
with volume form fi. The helicity is invariant under conjugation by volume pre- 
serving homeomorphisms, if and only if it is invariant under conjugation by volume 
preserving homeomorphisms that are isotopic to the identity through isotopies of 
volume preserving homeomorphisms that are supported in an open set Ui ( and with 
vanishing mass flow). 

Proof. As we noted before, in dimension less or equal to three, every homeomor- 
phism can be approximated uniformly by diffeomorphisms, and a homeomorphism 
<p that preserves the measure induced by \x can be approximated uniformly by vol- 
ume preserving diffeomorphisms. The group Homco(M, /i) of volume preserving 
homeomorphisms of M is locally path-connected in the compact-open topology 
|Fat80] . Thus there exists a volume preserving diffeomorphism ip sufficiently close 
to <p that they are isotopic inside Homeo(M, /i), or equivalently, the volume preserv- 
ing homeomorphism (poip -1 is isotopic to the identity in Homeo(Af, /i). The helicity 
is invariant under conjugation by (p — (<p o ip" 1 ) o ip if and only if it is invariant 
under conjugation by (poip -1 fLemma l2.2j) . Thus without loss of generality we may 
assume <p is isotopic to the identity through an isotopy of volume preserving homeo- 
morphisms. If that is the case, its mass flow is well-defined |Fat80j . There is a dual 
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homomorphism, the flux mentioned in Section [2j for isotopies of volume preserving 
diffeomorphisms Ban97]. By surjectivity of the flux, there exists an isotopy of vol- 
ume preserving diffeomorphisms with the same mass flow as the isotopy connecting 
<j) to the identity. By the same argument as above, the general case reduces to 
considering volume preserving homeomorphisms <f> with vanishing mass flow. Such 
homeomorphisms can be fragmented into a finite composition <j) — cf> m o ■ • ■ o fa 
of volume preserving homeomorphisms so that each (j)k is supported (and isotopic 
to the identity with vanishing mass flow) inside an element of an open cover of M 
[Fat80] . □ 

For example, one may choose as subsets the domains of a Darboux atlas with 
respect to a contact form on M. We note that a volume preserving diffcomorphism 
with vanishing flux or mass flow may also be fragmented into diffeomorphisms with 
'small' support, however, the helicity is not a homomorphism. 



12. Higher-dimensional helicities 

There are several generalizations of helicity to higher dimensions studied for 
example in jKhe03l IKV031 IEiv02] . see also [AK98I Chapter III, 7.B]. In [KVnSj . the 
authors consider the linking number of a divergence-free vector field on a manifold 
of arbitrary dimension with a codimension two foliation endowed with an invariant 
transverse measure. In this short section we compute this linking number for a 
strictly contact vector field on a regular contact manifold. This simultaneously 
generalizes Examples 3.8 (Hamiltonian vector fields on closed symplectic manifolds) 
and 3.9 (Reeb vector fields on closed contact manifolds) in [KV03] . 

Proposition 12.1. Let (M 2n+1 ,a) be a closed manifold together with a regular 
contact form a, and let (B 2u ,uj) be the base of the corresponding Boothby-Wang 
bundle. Suppose A C B is a closed, oriented, and null-homologous codimension two 
submanifold, and denote N = p^ 1 (A) C M, where p: M B is the projection. 
Suppose further Xh is a strictly contact vector field on {M, a), and write F for the 
unique smooth function on B satisfying p*F = H . Then 

H{X H ,N) =-n [ Fu) n -\ 

J A 

This number obviously extends to an invariant of continuous strictly contact 
isotopies on (M, a), and is invariant under conjugation by uniform limits of strictly 
contact diffeomorphism, provided that limit preserves N. 

Proof. By definition |KV03j . 

H(X H ,N)= I /3, 

where /? is a primitive of ixt 1 , and /i is the canonical volume form on M in- 
duced by a. Since J n t — J A p*r = for any closed (2n — l)-form r on M (A 
is null- homologous), N is null- homologous as well, so that the above integral is 
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well-defined. Here p* : H 2n 1 (M) — > H 2n 2 (B) is the induced map in the Gysin 
sequence of the S^-bundle S 1 -> M -> B. Recall by ©, 

P = (n + l)p*7+ ((n+ 1)ch -nH)a A (da)™" 1 , 

so that by the same partition of unity argument as above, and since p*R a = 0, 

[ (3= [ ((n + l)c H - nF)^"- 1 = -n [ Foj 71 ' 1 
Jn J a J a 

as claimed. □ 

See KV03 for further replacing the submanifold A by an oriented (possibly sin- 
gular) codimension two foliation J- with a holonomy-invariant transverse measure. 

Appendix A. Proof of Proposition 16.11 

Proof. The short exact sequence ([7]) is a Serre fibration. Indeed, a homotopy 
$ t : Z? fc -» Ham(M, cj), < t < 1, with respect to the C°°-topology on Ham(£?,w), 
is a smooth map D fc x [0, 1] — > Ham(i?, u>), (s, t) n> <f> s t g Ham(B, w). There exists 
a unique family i^.t = F s (t, •) of (normalized) smooth Hamiltonian functions such 
that (j) s j = 4>p o 4> St o, where 1 1— > (/)% i s the Hamiltonian flow of F s starting at the 
identity. Define H S;t = p*F s , t = F s , t op: M -> R for < t < 1 and s E D k , and de- 
note by 1 1 — y tpli the strictly contact flow of H s starting at the identity. Given a lift 
* : D k -> Diff*o(M, a), say s h-> ip sfl , of $ , the homotopy ^ t ■ D k Diff (Af, a) 
defined by s i— > ip s j — "ip^ °ip s ,o G Diff(M, a), lifts the homotopy $ t . Thus ([7]) has 
the homotopy lifting property with respect to all disks. 

Since Ham(_B,w) is path-connected, ([7]) gives rise to a long exact sequence of 
homotopy groups 

(12) ► nkiS 1 ) ^ fc (Diff (Af, a)) -> 7r fc (Ham(B,w)) -»• Tr^S 1 ) -»■ • • ■ 

According to |Pol01[ Section 7.2], if _B is a closed and connected surface, then 
Ham(B, oS) is Z 2 if £> = 5 2 , with generator the one-turn rotation of the sphere, and 
trivial otherwise. Moreover, 7T2(Ham(i?, w)) = for all closed surfaces B. To see 
this, recall the inclusion Ham(_B,w) Symp (_B,w) induces an isomorphism on 
homotopy groups ir^ for k > 1 |MS98[ Section 10.2]. Moser's argument shows that 
for closed surfaces B the inclusion of Symp (i?,cj) into Diffo(S) induces isomor- 
phisms on all homotopy groups, see |Ban971 Section 1.5] or again [PolOl] . Moreover, 
the latter is contractible for genus at least 2, and has strong deformation retract 
T 2 and 5*0(3) for genus 1 and 0, respectively [EE69] . Now 7Tfc(T 2 ) obviously van- 
ishes for k > 1, and since SO(3) = M.P 3 has universal covering space S 3 , we get 
TVk(SO(3)) = iri~(S 3 ) for k > 1. Combining these facts, we see that 7r 2 (Ham(i?, ui)) 
indeed vanishes for all closed surfaces B. 

From the long exact sequence (fT2"j) we obtain the description of the fundamental 
group of Diff(M, a). For k = 2, recall 7T2(Ham(B, ui)) and ^(.S* 1 ) are zero, and 
therefore ^(Diff (M, a)) = 0. For k > 2, the homotopy groups ir^iS 1 ) and TTk-iiS 1 ) 
to the left and right vanish, thus 7Tfc(Diff(M, a)) = 7Tfc(Ham(_B, lu)), and the claim 
follows from the same argument as above. □ 
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Appendix B. A non-regular contact three-manifold 

By Martinet's theorem, any closed three-manifold admits a contact structure. 
On the other hand, the torus T 3 does not admit a regular contact form. Consider 
the contact form a = cos z dx — sm z dy on T 3 with induced volume form dx A dy Adz, 
where x,y,z £ M/(27rZ). A basic function on (T 3 ,a) depends only on z [Miilll] 
and thus can be written as a Fourier series 

oo 

H(z) — c n e mz — a n cos(nz) + b n sin(n2:). 

riGZ n=0 

Its strictly contact vector field Xh has flux 

[lx h (a A da)] = eti [dy A dz] + b\ [dx A dz] , 

and thus Xh is exact if and only if a\ = = b\, or equivalently, C\ = [Miilllj . 

Proposition B.l. The helicity of a strictly contact vector field Xh whose contact 
Hamiltonian H : T 3 — > R satisfies C\ = is given by 

(13) = - £(3 + ^-)k| 2 = c 2 , - 2^(3 + -^-)|c„| 2 . 

nGZ n>0 



In particular, the helicity is bounded from above and below by a multiple of \\H\\' 2 



Proof. If c\ = 0, then also c_i = c\ = 0, and we can define real functions 

F(z) = Yc n ( J—e^+D* - _J_ e <(»-i)A , 
w n - 1 / 

G(z) = V ic n ( -J—e^+V* + _J_ e *(n-i)z 
\ n + 1 rt — 1 



Then 

+ Gdy - Ha) = 2Hda - d(Ha) = l Xh (a A da), 
and a direct computation shows 

{Fdx + Gdy - Ha) A d{Fdx + Gdy - Ha) 

= (2H(F cos z — G sin z) — 3-ff 2 ) dx A dy A dz + exact terms, 

and 

/ A \ 

J(n+m)z 



2H(F cos z - G sin 2) - 3H 2 = ^ ( ^ 3 J 

n,m6Z V n / 



We note that the constant term is c{H) = cq — J T3 H dx A dy A dz, and also 

l£2 



J2 nez |c„| 2 = ||tf|| 2 2 , and thus (USD follows. □ 



HELICITY OF STRICTLY CONTACT VECTOR FIELDS 



33 



References 

[AK98] Vladimir I. Arnold and Boris A. Khesin, Topological methods in hydrodynamics, Ap- 
plied Mathematical Sciences, vol. 125, Springer- Verlag, New York, 1998. MR 1612569 
(99b:58002) 

[Arn86] V. I. Arnol'd, The asymptotic Hopf invariant and its applications, Selecta Math. Soviet. 
5 (1986), no. 4, 327-345, Selected translations. MR 891881 (89m:58053) 

[Ban78a] Augustin Banyaga, The group of diffeomorphisms preserving a regular contact form, 
Topology and algebra (Proc. Colloq., Eidgenoss. Tech. Hochsch., Zurich, 1977), Mono- 
graph. Enseign. Math., vol. 26, Univ. Geneve, Geneva, 1978, pp. 47-53. MR 511781 
(80a:58009) 

[Ban78b] , Sur la structure du groupe des diffeomorphismes qui preservent une forme 

symplectique, Comment. Math. Helv. 53 (1978), no. 2, 174-227. MR 490874 (80c:58005) 

[Ban97] , The structure of classical diffeomorphism groups, Mathematics and its Appli- 
cations, vol. 400, Kluwer Academic Publishers Group, Dordrecht, 1997. MR 1445290 
(98h:22024) 

[BlalO] David E. Blair, Riemannian geometry of contact and symplectic manifolds, second 
ed., Progress in Mathematics, vol. 203, Birkhauser Boston Inc., Boston, MA, 2010. 
MR 2682326 

[BSlla] Augustin Banyaga and Peter Spaeth, On the uniqueness of generating hamiltonians for 
topological strictly contact isotopies, in preparation, earlier version arXiv : 0812 : 2461v3 
[math.SG], 2012 

[BSllb] Lev Buhovsky and Sobhan Seyfaddini, Uniqueness of generating Hamiltonians for 
continuous Hamiltonian flows, to appear, J. Symplectic Geom., arXiv: 1003.2612v2 
[math . SG] 

[BW58] W. M. Boothby and H. C. Wang, On contact manifolds, Ann. of Math. (2) 68 (1958), 

721-734. MR 0112160 (22 #3015) 
[EE69] Clifford J. Earle and James Eells, A fibre bundle description of Teichmuller theory, J. 

Differential Geometry 3 (1969), 19-43. MR 0276999 (43 #2737a) 
[EG00] John Etnyrc and Robert Christ, Contact topology and hydrodynamics. I. Beltrami 

fields and the Seifert conjecture, Nonlinearity 13 (2000), no. 2, 441-458. MR 1735969 

(2001b:76008) 

[Fat80] A. Fathi, Structure of the group of homeomorphisms preserving a good measure on a 
compact manifold, Ann. Sci. Ecolc Norm. Sup. (4) 13 (1980), no. 1, 45-93. MR 584082 
(81k:58042) 

[Fur61] H. Furstenberg, Strict ergodicity and transformation of the torus, Amer. J. Math. 83 

(1961), 573-601. MR 0133429 (24 #A3263) 
[Gei08] Hansjorg Geiges, An introduction to contact topology, Cambridge Studies in Advanced 

Mathematics, vol. 109, Cambridge University Press, Cambridge, 2008. MR 2397738 

(2008m:57064) 

[GG97] Jean-Marc Gambaudo and Etienne Ghys, Enlacements asymptotiques, Topology 36 
(1997), no. 6, 1355-1379. MR 1452855 (98f:57050) 

[GG01] , Signature asymptotique d'un champ de vecteurs en dimension 3, Duke Math. 

J. 106 (2001), no. 1, 41-79. MR 1810366 (2002k:57007) 

[GH55] Walter Helbig Gottschalk and Gustav Arnold Hedlund, Topological dynamics, Ameri- 
can Mathematical Society Colloquium Publications, Vol. 36, American Mathematical 
Society, Providence, R. I., 1955. MR 0074810 (17,650c) 

[Ghy07] Etienne Ghys, Knots and dynamics, International Congress of Mathematicians. Vol. I, 
Eur. Math. Soc, Zurich, 2007, pp. 247-277. MR 2334193 (2008k:37001) 

[Hir63] Morris W. Hirsch, Obstruction theories for smoothing manifolds and maps, Bull. Amer. 
Math. Soc. 69 (1963), 352-356. MR 0149493 (26 #6980) 



34 



S. MULLER & P. SPAETH 



[KH95] Anatolc Katok and Boris Hasselblatt, Introduction to the modern theory of dynam- 
ical systems, Encyclopedia of Mathematics and its Applications, vol. 54, Cambridge 
University Press, Cambridge, 1995. MR 1326374 (96c:58055) 

[Khe03] Boris A. Khcsin, Geometry of higher helicities, Mosc. Math. J. 3 (2003), no. 3, 989-1011, 
1200, {Dedicated to Vladimir Igorcvich Arnold on the occasion of his 65th birthday}. 
MR 2078570 (2005e:55018) 

[Kod95a] Kazunori Kodaka, Anzai and Furstenberg transformations on the 2-torus and topologi- 
cal^ quasi- discrete spectrum, Canad. Math. Bull. 38 (1995), no. 1, 87-92. MR 1319904 
(96m:46114) 

[Kod95b] , Tracial states on crossed products associated with Furstenberg transformations 

on the 2-torus, Studia Math. 115 (1995), no. 2, 183-187. MR 1347440 (97g:46087a) 
[KV03] D. Kotschick and T. Vogel, Linking numbers of measured foliations, Ergodic Theory 

Dynam. Systems 23 (2003), no. 2, 541-558. MR 1972238 (2004c:37047) 
[Mar71] J. Martinet, Formes de contact sur les varietes de dimension 3, Proceedings of Liverpool 

Singularities Symposium, II (1969/1970) (Berlin), Springer, 1971, pp. 142-163. Lecture 

Notes in Math., Vol. 209. MR 0350771 (50 #3263) 
[MO07] Stefan Miiller and Yong-Geun Oh, The group of Hamiltonian homeomorphisms and 

C° -symplectic topology, J. Symplcctic Gcom. 5 (2007), no. 2, 167-219. MR 2377251 

(2009k:53227) 

[MS98] Dusa McDuff and Dictmar Salamon, Introduction to symplectic topology, second ed., 
Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New 
York, 1998. MR 1698616 (2000g:53098) 

[MS11] Stefan Miiller and Peter Spaeth, Topological contact dynamics I: symplectization and 
applications of the energy-capacity inequality, arXiv : 1110 . 6705v2 [math.SG] 

[Mul08a] Stefan Miiller, The group of Hamiltonian homeomorphisms and topological symplectic 
topology, 2008, Ph.D. Thesis, The University of Wisconsin - Madison. MR 2711770 

[Mul08b] , The group of Hamiltonian homeomorphisms in the L°°-norm, J. Korean Math. 

Soc. 45 (2008), no. 6, 1769-1784. MR 2449929 (2010a:53185) 

[Miilll] , A note on the flux of strictly contact isotopies, arXiv: 1110 . 6705 [math.SG] 

[Mun59] James Munkres, Obstructions to the smoothing of piecewise-differentiable homeomor- 
phisms, Bull. Amer. Math. Soc. 65 (1959), 332-334. MR 0112150 (22 #3005) 

[Mun60] , Obstructions to the smoothing of piecewise-differentiable homeomorphisms, 

Ann. of Math. (2) 72 (1960), 521-554. MR 0121804 (22 #12534) 

[Mun65] James R. Munkres, Higher obstructions to smoothing, Topology 4 (1965), 27—45. 
MR 0176486 (31 #758) 

[Oh06] Yong-Geun Oh, C° -coerciveness of Moser's problem and smoothing area preserving 
homeomorphisms, arXiv:math/0601183v5 [math.DS] 

[PolOl] Leonid Polterovich, The geometry of the group of symplectic diffeomorphisms, Lec- 
tures in Mathematics ETH Zurich, Birkhauser Verlag, Basel, 2001. MR 1826128 
(2002g:53157) 

[Riv02] Tristan Riviere, High- dimensional helicities and rigidity of linked foliations, Asian J. 
Math. 6 (2002), no. 3, 505-533. MR 1946345 (2004c:58030) 

[Rou90] H. Rouhani, A Furstenberg transformation of the 2-torus without quasi- discrete spec- 
trum, Canad. Math. Bull. 33 (1990), no. 3, 316-322. MR 1077103 (91m:46108) 

[Sik07] J.-C. Sikorav, Approximation of a volume-preserving homeomorphism by a volume- 
preserving- diffeomorphism, http:/ /www. umpa.ens-lyon.fr/~symplexe, 2007. 

[Vit06] Claude Viterbo, On the uniqueness of generating Hamiltonian for continuous limits 
of Hamiltonians flows, Int. Math. Res. Not. (2006), Art. ID 34028, 9. MR 2233715 
(2007h:37081a), Erratum to: "On the uniqueness of generating Hamiltonian...", Int. 
Math. Res. Not. (2006), Art. ID 38748, 4. MR 2272093 (2007h:37081b) 
E-mail address: muellerSkias . re .kr and spaethSkias.re.kr 



Korea Institute for Advanced Study. Seoul 130-722, Republic of Korea 



